[loKyMeHT NoAnucaH NpoCToil 3NeKTPOHHOM NOANMUCHI0
NHbopmaums o Bnagenbue:

OHO: Crmpros Ceprevt HiNfaeiicrepeTBO HayKkm M BBICIIEro obpasoBanus Poccuiickoit deneparun
[lomKHOCTb: BPMO pexTopa 1

Nara noancarms: 09.07.2025 12 BOY BO «TBepckoi rocy1apCTBEHHBII YHUBEPCUTET»
YHUKanbHbI MPOrpaMMHbIA KIKOY:
69e375c64f7e975d4e8830e7b4fcc2ad1bf35f08

VTBepKaaI:

C.M./lynaxos
A 023 ) B

.“V /

L A b

K et doe
VHUBEOCMTET .

Padoyasi nporpaMmMa IMCHMILVIMHBI (C AHHOTALHEH)

MATEMATUYECKH AHAJINU3

HaHpaBJ'IGHI/Ie IIOATOTOBKH

01.03.02 — «IIpukiagHas MaTeMaTuka 1 HHPOPMATHUKA

[Tpoduib MoaAroToBKU

«MaTtemaTuueckoe MOJACIUPOBAHULCH

st crynentoB 1,2 kypcoB ouHo# Gopmbl 00yuenus (1,2,3,4 cemectpsbr)

CocraBuTens:
n.¢.- M.H., podeccop Knumok B.U.

Tsepsb, 2023



I. AHHOTAUA

1. Heab 1 321241 JUCHUIIJIMHBI
Llenbro OCBOEHUS IUCLUILTUHBI SIBIISIETCS:

— pa3BUTHE MATEMAaTUYECKON KyJIBTYpPbI, OOILLEH KYJIbTYPhI MBIIILICHUS;

— BJIQJICHUE MAaTEMaTHYECKUMHU METOAAMH, KOTOPBIE UCTIONIB3YFOTCS TP PELLIEHUN
MPUKJIAIHBIX 33/1a4 U BO BCEX JIPYTHX U3Yy4YAEMbIX TUCLMIUIMHAX, B KOTOPBIX IPUMEHS-
0TCS JTI00bIe MaTEMATHYECKIE METOTbI.
3agayaMu OCBOEHHMS JUCUUILIVHBI SIBJISFOTCS:

— BCECTOpPOHHEE M3ydeHHe (PYHKIMI 1 (DyHKITMOHATIBHBIX 3aBUCUMOCTEH;

— M3Y4EHHUE METOJIOB, 33J1a4 ¥ TEOPEM MATEMATUYECKOrO aHAIIN3A,;

— W3y4YEHHE HEONPEAEIEHHBIX U OMPEIENIEHHBIX UHTErPAJIOB, HECOOCTBEHHBIX MH-
TErPaloB, MHTETPAIOB, 3aBUCSIIMX OT IApaMeTpa, KPAaTHBIX MHTErPAJIOB, KPUBOJIMHEN-
HBIX U MMOBEPXHOCTHBIX UHTETPAJIOB, PsiioB Pypbe U UX IIPUMEHEHHUE K PELLICHUIO 3a1a4
IIPUKJIATHON MAaTEMATUKU.

2. MecTo tucuMIuiaibI B cTpykrype OOII

Jucuurmmaa «MareMaTHudeCcKui aHaau3» OTHOCUTCA K paszeiy «Maremaru-
YyecKuin» 00s13aTenpbHOM yacTh bioka 1.
JlucumruimHa HaXOAUTCS B JIOTUYECKOU U COJIEPKATEITBLHO-METOIMYECKON B3aUMOCBSI-
31 U TpeOyeT 3HaHU U yMEHUH, (POpMUPYEMBIX B PE3YJIbTATE OCBOCHUS IIKOJIbHOU
MpOTrpaMMbl IO PJIEMEHTApPHOW MaTeMaTUKE W HE0OXOuMa Kak MpeIIIecTBYoIIas
JUUIT MHOKE€CTBA JUCLUIUIMH, UCIIOJIB3YIOMNX MATEMATUYECKUIN ammapar, u3ydae-
MBIX B JaJIbHEHUIIIEM.

3. O0bém aucuMILIMHBbI: 18 3a4eTHBIX enauHUIl, 648 akageMHUUYEeCKHX 4Yaca, B TOM
qHcIe:

KOHTAKTHasi ayAuTOpHas padora: jexkuuu 187 yacoB, mpakThyeckue 3aHstus 155 yva-
COB;

KOHTAKTHASI BHEAYIUTOPHAs1 pad0oTa: KOHTPOJIb CAMOCTOSITEIILHOM paboThl 20 yacos, B
TOM YHCIIe KypcoBasi pabota 10 gacoB, pacyeTHo-rpadryeckast padota 10 yacos;
CcaMOCTOSITeJIbHAS padoTa: 286 yaca, B TOM YKCIIE KOHTPOJIb 142 yaca.

4. IL1anupyembie pe3y/ibTaTbl 00y4eHHUsl M0 JUCHUILUINHE, COOTHECEHHbIE C ILUIAHM-
PyeMbIMH Pe3yJIbTATAMH OCBOCHUs 00Pa30BATEIbHOI NPOTrPAMMBbI

ILnanupyemsle pe3yabrarsl | [L1anupyembie pe3ybTarbl 00y4eHHMs] 10 AUCHH-

OCBOCHHUSI 00pa30BaTEILHOM IPO-
rpammbl  (opmMupyeMbie KOM-

IVINHE

NneTeHH)
Koo u maumenosanue xomnemen- | Mnouxamopol 0ocmudicenuss KOMNEmeHmMHOCMU 8 CO-
yuu OMBEemMCcmaUL C y4eOHbIM NIAHOM

OIIK-1. Crocoben npUMEHSTH
(dbyHIaMEeHTAIbHbIC 3HAHUS, II0-
Jy4YeHHbIC B 00JIaCTH MaTeMaTH-
YEeCKUX HayK, U MCIOJIb30BaTh MX

OIIK-1.1. OGnamaer 6a30BbIMU 3HAHUSIMHU, IOIY-
YEHHBIMH B 00JIACTH MAaTEMaTHYECKUX HAYK;

OIIK-1.2. Mcnonk3yer 06a30Bble 3HaHUS B 00JacTv
MaTeMaTUYeCKUX HayK B TPO(eCcCHOHATBHOU maes-




B MMPO(eCcCHOHAILHON JeSTeTbHO-

CTH

TCJIBbHOCTH, BHOCHUT HEKOTOPBIC KOPPCKTHUBEI IIPHU UX
HCIIOJIb30BAHHUHU B l'IpO(beCCI/IOHaJ'H)HOI‘/’I ACATCIIBHO-

CTH;

OIIK-1.3. Ilpumenser u amantupyer (QyHAaMeH-
TaJIbHBIC MOHSTUS U PE3YJIbTAThl B 00JIaCTH MaTeMa-
TUYECKUX HAyK K PEUICHUIO 3a/a4 MpodheCcCUOHAIb-

HOU IEITEIILHOCTH.

5. ®opma npomexytounoii arrecrammuu: PI'P (1 cemectp), kypcoBas padota (3 ce-
MecTp), 3k3ameH (1, 2, 3, 4 cemecTpsbl).
6. S3bIK npenogaBaHUs PYCCKUM.

II. Conep:xkanue qTUCHMILIMHBI, CTPYKTYPUPOBAHHOE N0 TEMaM C YKa3aHHEM OTBe-
JAEHHOT0 HA HUX KOJIMYECTBA AKaJeMHYECKNX YACOB ¥ BUI0B Y4eOHbIX 3aHATHI
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IlepBolii cemecTp
1. Beeaenme. Onpezenenue | 23 3 3 17
MPPALMOHAIBHOIO YUCJIA.
Ceuenusi. OcHOBHas TeOpe-
Ma Jlenekunaa. I panuiisl
YHUCJIIOBbBIX MHOXECTB.
@DyHKIMN HATYpaJIBHOTO ap-
T'YMEHTA.
2. BaxkHeiimme KJacchbl 37 10 10 17

(yHKuuMii. D1eMeHTapHEIE,
oOpaTHble, OOpaTHbIE TPHU-
TOHOMETpPUYECKHE YHKIIUH.
Cynepno3uuus QyHKIHA.




3. Teopust npeaesos.
Ornpenenenue npenaena mo-
CJIEI0BAaTENbHOCTU U (PyHK-
uu. beckoneuno manbie u
OeCKOHEYHO OOJIbIINE BEIU-

yuHbl. TeopeMsl 0 Ipeaenax.

CpoiicTBa (hyHKIHH, IMEIO-
IMX KOHEeYHbIN nipenen. He-
OIpeAcICHHBIE BBIPAXKCHUS.
Yucno €. [Ipuanun cxoau-
MOCTHU. Y CJIOBUS CYIIIECTBO-
BaHUs KOHEYHOTO TMpejiena.
Knaccudukarms 6eckoneu-
HO MaJIBIX ¥ OECKOHEYHO
OOJIBIINX.

35

12

4. HenpepbIBHOCTH (PYHK-
UM OJHOM MEepPeMEeHHOM.
HenpepbIBHOCTH U pa3pbIBbI
bynkiuu. OTHOCTOPOHHSIS
HernpepbiBHOCTH. Knaccudu-
Kanus paspsiBoB. Henpe-
PBIBHOCTB DJIEMEHTAPHBIX
¢bynkuuii. HanbGonbiiee u
HauMEHbIIIee 3HAaUECHUS
¢byukiuu. [Tonarue o pas-
HOMEPHOI HETPEPHIBHOCTH.
CyiectBoBaHrue 00paTHOM

byHKIMY.

39

18

Bceco

134

30

30

10

64

Bropoii cemect

5. InddepenunpoBanue
GyHKkuMH 0XHOI MepeMeH-
Hoii. [IpousBonHas u qud-
depeHman nepBoro nopsii-
ka. [Ipon3BoaHast CIOXKHBIX
u oOparnbIx Qynkmuii. [Ipo-
u3BoHAs U nuddepenman
BhICITUX MOPsAKOB. udde-
pEeHITANBI KaK HCTOYHUK
npuOIMKEHHBIX HOpMYII.

31

13

10




6. OcHOBHBIE TeOpeMbI
nugdepeHaTBLHOIO UC-
yucjeHus. Teopemsl o
CcpelHuX 3Ha4YeHusX. Teope-
Mbl @epma, Pois, Jlarpan-
xa, Komm. @opmyna Tei-
nopa. Paznoxenue npouns-
BOJILHOUM pyHKIIMH. DOPMBI
JOTIOJIHATEIIBHOIO YJIECHA.

30

15

7. UccaenoBanue pyHKumn
U NocTpoeHue rpagukos ¢
NOMOIIBIO NNPOU3BOJIHBIX.
VY caoBus mOCTOSSHCTBA, BO3-
pacTtaHusi U yObIBaHUS
GyHKIMU. DKCTpEMyM
¢byHkuu, HauOoJblIee U
HauMEHbUIEE 3HAUCHHUS.
HanpasieHne BOrHyTOCTH
KPUBOI M TOUKH Meperuoa.
AcumnToTsl kpusoi. Hc-
cienoBanue QyHKIUHA U TO-
cTpoenue rpapukosn. Pac-
KpPBITHE HEONPEAECTEHHOCTEMN
no npasuiy Jlonurans.

38

13

10

15

8. ®yHKkumMHu ABYX nepe-
MeHHbIX. YacTHbIE IpOu3-
BOJIHbIE U MOJHBINA qudde-
peHuuan pyHKIUN IByX Ie-
peMeHHbIX. [IponsBoaHbie
CJIOXHBIX M HESIBHBIX (yHK-
. [Ipon3BoHbIe U TH -
(depeHIuabl BHICIINX 110~
pankos. ®opmyina Tennopa.
DKcTpeMyMbl, HauboJbIIIee
Y HauMEHbIIIEE 3HAUCHHUS.
OTtHOocuTenbHBIE (YCIOBHBIE)
sKCcTpeMyMEl. [IponsBoaHas
110 HaIlpaBJIEHUIO.

40

15

12

13

9. Inddepenunan gyru.
JlexapTOBBI U MOJISPHBIE KO-
OpJIMHATBHL.

13




10. KomniiekcHblie Yucia.
Komniexkcuble pyHKIumn
NefiCTBUTEJILHOIO Mepe-
MeHHOro. KoMIuiekcHbie
YHClla U UX TEOMETpUIECcKas
uHTepnperanus. JlencTeus
HaJl KOMILJIEKCHBIMH YHCIIa-
MU, 33J]aHHBIMU B ajre0pau-
YECKOW U TPUTOHOMETpHYe-
ckoii popmax. Onpenenenue
u nuddepeHnrpoBanme
KOMILJIEKCHOM (QYHKIIUH.
[ToxazarenpHas QyHKUUA U
dbopmyna Ditnepa.

18

Bceco

170

64

48

38

Hmoeo 3a nepewviii 200 06yue-
HUs

314

94

78

10

132

Tpernii cemect

11. HeonpenejieHHbIH UH-
TerpaJi. [lepsooOpasznas
dbynakums. [Ipocretimue mpa-
BUJIa UHTErpupoBanus. 1n-
TETPUPOBAHUE IO YACTAM U
IIyTEM 3aMEHBbI IEPEMEHHOM.
HNHuTterpupoBaHue pamuo-
HaJIbHBIX BbIpaKeHUU. Pa3-
JI0’KEHUE MPABUIIBHBIX JIPO-
Oeii Ha ipocThie. UHTerpu-
POBaHUE HEKOTOPBIX IPO-
CTEUIINX UPPALIMOHATBHBIX
BbIpakeHUH. [loncranoBKkM
Oitnepa. UnterpupoBanue
TPUTOHOMETPUUECKUX

byHKIUH.

34

12

12

10




12. OnpeneJieHHbIH MHTe-
rpaja. Onpenenenue. Cym-
MmbI J{apOy. Kiaccel u cBoii-
CTBa UHTETPUPYEMBIX (PYHK-
nuid. CBoiicTBa onpenenéH-
HBIX UHTEerpanoB. CBOMCTBA,
BBIpa)KEHHBIE PABEHCTBAMMU
U HepaBeHcTBamu. MHTerpan
C TIEPEMEHHBIM BEPXHUM
npeaenom. @opmyna Hero-
tToHa-JIeiOuuma. MaTerpu-
POBaHME I10 YACTIM U METOJ
3aMeHbI liepeMeHHou. HTe-
IPUPOBAHNUE KOMIUIEKCHON
GyHKIIUU 1eHCTBUTENEHOTO
IIEPEMEHHOT 0.

44 12 12

20

13. beckoHeuyHbIe PAABI €
NOCTOSTHHBIMH 4JIeHAMHU.
Onpenenenue psga u €ro
cymMbl. OCHOBHBIE TEOpE-
MBbI. Y CJIOBUSI CXOAUMOCTH.
[Ipusnaku cpaBHenus, Ko-
iy, Jlanmam6epa, Paa6e. 1n-
TerpajibHbIi npusHak Kommn.
3HaKOYEpEeAYIOIIHECS PSIAbL.
AGCOI0THAs CXOIUMOCTb.
Crenennsle psaapl. [Ipusna-
ku AGenst u {upuxie.
YMHOKEHHUE PSAJIOB.

44 12 12

20

14. beckoHe4YHbIe MPOM3-
BegeHuss. OCHOBHBIC TTOHS-
TUA U TeopeMbl. CBA3b C psi-
JIAMHU.

20 4 4

12

15. Paznoxenue 3JjieMmeH-
TapHbIX PpyHKIU. Psaj
Teisopa.

28 5 5

10

Bceco

170 |45 45

10

70

YerBEpTHIil CEMecTp




16. ®yHK1IHOHAIBHBIE 110-
CJ1e10BATEJIbHOCTH H PH-
Abl. PaBHOMEpHas 1 Hepas-
HOMEpHAas CXOUMOCTH.
VYcnoBus M IPU3HAKU PaB-
HOMEPHOU CXOJUMOCTH.

O yHKIIMOHAIBHBIE CBOMCTBA
cyMMslI psza. Henpepsis-
HOCTb CYyMMBI psJia.
[TouneHHbIl EPEXOT K Ipe-
neny. [lounennoe unTerpu-
poBanue U quddepeHIupo-
BaHMe psAnoB. Henpeprois-
HOCTb CYMMBI CTEIIEHHOT O
psaaa. UHTErpupoBanue u
muddepeHupoBaHue cre-
NIEHHBIX PSI/IOB.

33

20

17. UuTerpansl, 3aBUCH-
mue ot napamerpa. He-
cOOCTBEHHbIE HHTErPAJIbI.
JuddepenmupoBanue 1 uH-
TErpupOBaHNE UHTETPAJIOB,
3aBUCSIIMX OT MapameTpa.
®opmyna Jleiibuuna. Onpe-
JIeJICHUE UHTErpajoB ¢ Oec-
KOHEUYHbIMU npenenamu. He-
cOOCTBEHHBIE HHTETPAJIbI OT
HEOI'PaHUYEHHBIX (YHKIIUH.
['maBHBIC 3HAUEHUS HECOO-
CTBEHHBIX HHTEIPaJIOB.

23

10

18. KpaTHble nHTErpabl.
JIBykpaTHbIi HTETpaJ. BBI-
YUCJIEHUE JBOWHOIO UHTE-
rpajia. 3aMeHa EpEMEHHBIX
B JIBOMHOM MHTETpaJe.
TpoliHble HHTETpaNIBI U UX
BBIYUCIICHUE. DJIEMEHT 00b-
€Ma B KpUBOJIMHENHBIX KO-
opauHarax. [{unuuapuue-
CKHE U chepruecKue Koop-
JIMHATHI.

31

18

19. IloBepXHOCTHBIE HHTE-
rpaJjsl. [Inomane nosepx-
HocTU. HTErpasnsl no mno-
BEPXHOCTH U (popmyna
Ocrporpaackoro. Murerpa-
JIbI TI0 OIIPENEIEHHOM CTO-
POHE MOBEPXHOCTH.

31

18




20. KpuBonnHeiinbie uute- | 27 8 6 13
rpajsbl. Onpejenennue Kpu-
BOJIMHEMHOTO UHTETrpAJIa
IIEPBOT0 U BTOPOr'O poJa
[1momaae v KpUBOIUHEWHBIN
unrerpai. @opmyna ['puna.
®opmyna Crokca. He3aBu-
CUMOCTbH KPUBOJIMHEWUHOTO
MHTErpaia oT MyTH Ha IUIoc-
KOCTH.
21. Psaaelr ®@ypre. Oproro- | 29 8 6 15
HaJIbHOCTh TPUTOHOMETPH-
yeckux QyHkiuil. Teopema
[upuxne. Pa3noxenue B
IIPOMEKYTKE [—ﬂ',ﬂ'] . Pas-
JI0’KEHHUE B IPOMEXKYTKE
[0,7:]. [lepnonnueckue
¢byHkuuu nepuoaa 21 .
Bcezo 174 48 32 94
Hmoeo 3a emopoii 200 06yue- | 360 93 77 10 180
HUA
HUTOI'O 3a 6ecv nepuod 006y- | 648 187 155 20 286
YEHUA
II1. O0pa3oBaTe/ibHbIC TEXHOJIOT MU
VYueOHas nporpamma — Bun zanarus OO6pazoBaTenbHBIC TEX-
HAaMEHOBAaHUE Pa3IeiIoB HOJIOTUH
U TEM
1. Benenue Jlexunu, npaktudeckue 3a- | 1. M3noxxkeHune TteopeTuye-
HATHUS CKOT'0 MaTepuaia
2. Pemienue 3a1au
2. Baxnenmmue kiaccsl | Jlekunn, npaktuueckue 3a- | 1. M3noxeHue teopernye-
byHKIMIA HATHS CKOI'0 MaTepuala
2. Pemienue 3a1au
3. Teopus npenenon Jleknuu, npaktuueckue 3a- | 1. M3noxkeHue Teopernye-
HATHS CKOTO MaTepuasa
2. Pemienue 3a1au
4. HenpepbiBHOCTh (yHK- | Jlekuun, npaktudeckue 3a- | 1. M3noxkeHue TeopeTude-
MU OJHOM NEPEMEHHOU HSTUS CKOI'0 MaTrepuasa
2. Pemenue 3amau
3. HuddepennupoBanue | Jlekiuu, npaktuyeckue 3a- | 1. M3moxkeHue Tteopernye-
GYyHKIMM OJHON TIepeMeH- | HATHUs CKOTO MaTepuaia
HOH 2. Pemenue 3amau
6. OcHoBHble TeopeMsl | Jlekunn, npaktudeckue 3a- | 1. M3noxeHue TteopeTnye-
JubdepeHIMaNbHOIO  MC- | HATHUS CKOI'0 MaTepuajia




YUCIICHUS 2. Pemienue 3agau
7. UccnenoBanne ¢ynkiui | Jlekuuu, npaktudeckue 3a- | 1. M3noxxkeHue TteopeTude-
U TIOCTPOCHHE TPAPUKOB C | HATHS CKOI'0 MaTepuasa
MTOMOIILBIO TPOU3BOIHBIX 2. Pemenue 3agau

3. Bemonnenue PI'P
8. @yHkuuu [aByx nepe- | Jlekuuu, nmpaktuyeckue 3a- | 1. M3noxeHue teopeTnye-
MEHHBIX HATHUS CKOI'0 MaTepuasa

2. Pemienue 3a1ay
9. uddepentman nyru Jleknuun, npaktuyeckue 3a- | 1. M3noxkenue teopernue-

HATHUS CKOI'0 MaTepuasa

2. Pemtenue 3amau
10. KommnekcHble uwucina. | Jlekuuun, npakrtnueckue 3a- | 1. M3moxenue teopernde-
KommuiekcHbie byHKIUYU | HATHS CKOI'0 MaTepuasa
JIEHCTBUTEIIBHOTO nepe- 2. Pemienue 3agau
MEHHOTI'0
11. Heonpenenenusiit unre- | Jlekuuu, npakruueckue 3a- | 1. M3noxeHue Teoperuue-
rpain HATHUS CKOI'0 MaTepuasa

2. Pemienue 3a1a4y
12. Omnpenenennsiii uHTe- | JIekuuu, npakruueckue 3a- | 1. M3noxeHue Teoperuue-
rpain HATHUS CKOI'0 MaTepuasa

2. Pemienue 3a1a4y
13. beckoneunwie psasl c | Jlekuuu, npakthueckue 3a- | 1. M3moxkenue teopernue-
MOCTOSIHHBIMH YJIEHAMHU HATHUS CKOI'0 MaTepuasa

2. Pemienue 3a1a4
14. beckoneunsle npowusse- | Jlekuuu, npakruueckue 3a- | 1. M3noxenue teopernye-
JIEHUA HATHUS CKOI'0 MaTepuasa

2. Pemtenue 3amau
15. Paznoxenue onemeH- | Jlekuun, npakruueckue 3a- | 1. M3noxeHue Teopernye-
TapHbIX  QyHKIUWA.  Psng | HaTHs CKOI'0 Marepuana
Teitnopa 2. Pemienue 3agau

3. BrimonHeHne KypcoBou

paboThI
16. ®ynkuuoHanpHble mo- | Jlekuuu, nmpaktuueckue 3a- | 1. M3noxeHue Teoperuue-
CJIE0BATEIBHOCTH U PANBI | HATHSA CKOI'0 MaTepuala

2. Pemienue 3a1a4
17. WUnterpansl, 3aBucsamue | Jlekuuu, npakruueckue 3a- | 1. M3noxeHue Teoperuue-
or mapamerpa. Heco0- | HaTUS CKOI'0 MaTepuaja
CTBEHHBIC HHTETPAJIbI 2. Pemienue 3a1a4
18. KpaTHble uHTErpaibl Jlexuuu, npaktuueckue 3a- | 1. M3noxkeHue TteopeTuue-

HATUS CKOI'0 MaTepuaia

2. Pemntenue 3amau
19. IloBepxHocTHblE MHTe- | JIekumu, npaktudeckue 3a- | 1. M3noxeHue TteopeTnye-
rpaibl HATHS CKOI'0 MaTepuana

2. Pemntenue 3amau
20. KpuBonuHelinple uHTe- | Jlekunu, npaktudeckue 3a- | 1. M3noxeHue TteopeTuue-
rpaibl HATHS CKOI'0 MaTepuana

2. Pemienue 3agau
21. Pansl @ypee Jlexumu, npaktudeckue 3a- | 1. M3noxkeHue TteopeTnde-




HATUS CKOT'0 MaTepuasa
2. Pemienue 3agau

[IpenonaBanue y4eOHOW AMCLMIUIMHBI CTPOMTCS Ha COYETAHUM JICKLIH,
NPAKTHUECKUX 3aHATUN U Pa3INYHBIX (POPM CaMOCTOSTENHbHOM pabOThl CTYICHTOB.
B nponecce ocBOeHMS JUCUMILIMHBI UCIIOJIB3YIOTCS CIEAYIOIUE 00pa30BaTeIbHbIE
TE€XHOJOIMH, CIIOCOOBI U METOAbl (POPMUPOBAHMSI KOMIIETEHIUI: TPaAULIMOHHBIE
JICKIUY, IIPAKTUYECKUE 3aHATUS B THAJIIONOBOM PEKUME, BBIIIOIHEHUE UHIAUBULY-
aJIbHBIX 33JJaHUI B paMKax CaMOCTOSTEIbHOU padOThI.

JlucumniauHa NpeaycMaTpUBAET BBINOJHEHHE KOHTPOJBbHBIX paboT, MUCH-
MEHHBIX JOMAIIHUX 3aJaHUMN.

IV. Ouenounbie MaTepHaJbl JJIsl NMPOBeJeHUs TEKYyIIeH U MPOMEXKYTOYHOM
arTecTaluu
JIns mpoBeAeHUS TEKYIIEW U MPOMEKYTOYHOU aTTECTALINHN:

OIIK-1. CnocobeH npuMeHsTh (PyHAaMEHTATIbHBIE 3HAHUS, MOJyYEHHbIE B 00JIaCTU
MaTeMaTUYECKUX HayK, U UCMOJIb30BaTh UX B POPECCUOHATBHOMN NESITEIbHOCTH

OIIK-1.1. O6namaer 6a30BbIMU 3HAHWSMH, MOJTYYEHHBIMUA B OOJIACTH MaTeMaThde-
CKUX HayK.

[Iprmepbl TUITOBBIX KOHTPOJIBHBIX MMCbMEHHBIX 33JJaHUN U UX OLIEHKU.

1. Ilpumensis dopmyny I'puHa mnpeoOpa3oBaTh KPUBOJIMHEHHBI HHTETpall

J‘ylixy+ln(x+\/x2+y2 )]dy + Jx* + y’dx, e KOHTyp C OIpaHUYUBAET KO-
C

HEYHYI0 001acTh S .
Bcé cnenano npaBuibpHO — 4 Gania.

= [IpaBuibHO 3anucana u npuMeHeHa gopmysa ['puna — 3 6asia.

= NMeroTcs HETOYHOCTH TpU (POPMYJIMPOBKE OKOHYATENBHOTO BbIBOAA — MHUHYC 1-3
Oaya.

- Hugero we caenmano — 0 Ganios.

2. Haiitu mnepBooOpa3Hyto (yHKIUIO z(x, y) , €CIIN dz = ( x? +2xy— yz)dx +
(x2 —2xy— yz)dy .

Bcé cnenano npaBuibpHO — 3 Gainia.

= IMeroTcst HETOYHOCTH MTPU OTBICKAHWHU TTEPBOOOPa3HOM — MUHYC 1-2 Oasa.

- Huyero ue cnemnano — 0 6auios.
3. YuureiBas, 4TO JJIs AOCTATOYHO MAJIbIX 3HAYEHUU X HMEET MECTO PaBEHCTBO

[ X . o
1+x-1= E + O(X) , BBIICJINTH U3 0OECKOHEUYHO MaJIoH O(X) T'JIaBHBIW YJICH.

Bcé cnemano npaBuibHO — 4 Gainia.
= [IpaBrIIbHO BBITMCAHO OTHOIIEHHE, IIPEIET KOTOPOro Halo HaWTH — 1 Oa.
= [IpaBuiibHO HaliieH nipesen — 2 6aia.




= IM€10TCS1 HETOUHOCTH ITPU BBIACJIICHWU I'TIABHOI'O YWICHA — MUHYC 1-3 Gammna.

= Huuero He caenano — 0 6aos.

OIIK-1.2. Vcnionp3yeT 6a30BbIe 3HAHUS B 00JIACTH MaTEMAaTUIECKUX HAyK B TIpodec-
CHOHAJILHOU JIEATEIIbHOCTH, BHOCUT HEKOTOPHIE KOPPEKTUBHI MIPH MX HCIIOJIE30BAHUN
B MPO(HECCUOHANTBHON IS TEIbHOCTH.

[TprmMepb! TUTIOBBIX KOHTPOJIBHBIX TMCHMEHHBIX 3aJJaHUN M UX OTICHKH.

1. [lepexons K MOMSPHBIM KOOPAWHATAM, BBIYHMCIWTH TUIOIIA/b, OTPAHHYCHHYIO

JIEMHUCKATOH (x2 + yz)2 = 2(12(x2 - yz) U BHCIIHEHM 4YacTbl0 OKPYKHOCTH
xt 4+ y2 =a’.

Bcé cnenano npaBuibHO — 5 OalIioB.

= [IpaBuiIbHO 3amKicaHbl ypaBHEHUS KPUBBIX B MOJISIPHBIX KOOpAUHATAX — 1 Oai.

= [IpaBriibHO M300paskeHa 00JIaCTh MHTETPUPOBAHUS — 1 OasuL.

- [IpaBriIbHO 3am¥icaH MOBTOPHBIN HHTETpa — 2 Oaria.

= IMeroTcst HeTOYHOCTH TIPY HaXOKACHWH TIIONIAIM — MUHYC 1-4 Garia.

- Huuero ue cnenano — 0 6ajuios.

2. Haiitu maccy m = ” pdS nosepxnoctn nonycdeper x* + y* +z° =a* (z20),
N

o V- ¥4
IJIOTHOCTh O KOTOPOU B KaXJ0ul €€ Touke M (x, y,z) paBHa —
a

Bcé cnenano npaBuibHO — 5 OaLIoB.

= [IpaBuiibHO yKa3zaHa CBsI3b MEXKIY JIEMEHTAMM TUIOIIAIM B AEKAPTOBBIX U chepuye-
CKHMX KOOp/MHaTax — 2 Oaiia.

= [IpaBuibHO OCyYIIECTBIEH Mepexo] K chepruueckoil cucteMe KoopauHar — 2 Gasa.

= IMeroTcst HETOYHOCTH MTPU HAXOKJIEHUH Macchl — MUHYC 1-4 Gasia.

- Huuero ue cnemnano — 0 6auios.

3. C nomoIpio KpUBOJMHEWHOTO MHTErpaia BHIYUCIUTD MJIOIAAL 00JIacTH, Orpa-

o o 3 .
HUYCHHOW acTpougon X=dacos f, y= bsin’ ¢ (0 <t< 27[). Hanpumep, MOKHO BOC-
N0JIb30BaThesl hopMyson § = % I xdy— ydx.
1

Bcé cnenano npaBuibpHO — 4 Gainia.

= [IpaBrILHO COBEpILIEH MEPEXO/] K ONpeIeIEHHOMY UHTErpaity — 3 Oasuia.
= B 3aBHCHMOCTH OT IOMYILIEHHBIX HETOYHOCTEH MUHYC — 1-3 Oaiia.

= Huuero ne caenano — 0 6aios.

OIIK-1.3. Ilpumensier u agantupyeT (QyHIaMEHTAJIbHbIE MOHATHS U PE3YJIbTAaThl B
00JlacTi MaTeMaTHMYEeCKUX HAayK K PELICHHUIO 3a/1ad Mpo(ecCHOHANbHON NesTEeIbHO-
CTH.

IIpmephl TUITOBBIX KOHTPOJIBHBIX IMCbMEHHBIX 33aHUN U UX OLIEHKH.



o 2 2 2
1. Haiitu mIomaab 4aCcTu KOHyca g~ = X + ), JICXKallyro HaJl IIOCKOCThIO Oxy

.. X
N OTCCYCHHYIO INNIOCKOCTBIO 7 = \/E(E + 1) .

Bcé€ caenmano npaBuiibHO — 5 GayuioB.

- [IpaBHIIbHO HAlIeHA IPOEKITHS HCKOMO# (HrypbI Ha rockocts OXY — 2 Garna.

- [IpaBriibHO 3amycad TOBTOPHBIN MHTETPAJ B TIOJIPHOM CHCTEME KOOpAWHAT — 2 Oa-
Ja.

= VImeroTcst HeTOYHOCTH TTPU HAXOXKICHUH TIIOMIAIN TIOBEPXHOCTH — MUHYC 1-4 Gana.

- Huuero ue cnemnano — 0 0ayuios.

2. Haiitu o0beM Tena, OrpaHMYE€HHOTO MOBEPXHOCTHIO (MapaMeTphl Mpeirosiara-
2 2 2

Xy oz
IOTCS TIOJIOKUTETBHBIMU) —5 + W +=5=1(z>0).
a c
Bcé cnenano npaBuibHO — 5 OaIoB.
= [IpaBuIIbHO OCYIIECTBIIEH MEPEXO]T K MOBTOPHOMY MHTErpaity — 2 Oasuia.
= [IpaBUIIbHO BBIYMCIIEH KaXKAbI N3 BHYTPEHHUX UHTETPaioB — 3 Oasuia.
= B 3aBHCHMOCTH OT JOMYILIEHHBIX HETOYHOCTEN MUHYC — 1-3 Gara.

= Huuero ne caenano — 0 6aiios.

3. BerunciauTh TpOMHOW UHTETpal

” xp*zdxdydz, THe Tpamuma obmactd V' 3aJaHa  ypPaBHEHWAMH
Vv

z2=xy, y=x,x=1,z=0.

Bcé cnenano npaBuibHO — 5 OaIoB.

= [IpaBuiibHO onpezesneHa 001acTh UHTErpupoBaHus — 1 Oai.

= [IpaBuitbHO OCYITIECTBIIEH TIEPEXO]T K MOBTOPHOMY MHTETpaity — 2 Oasuia.
= [IpaBuIIbHO BBIYMCIIEH KAXKIbIN U3 BHYTPEHHUX HHTETPATIOB — 2 Oasuia.

= B 3aBHCHMOCTH OT IOMYILIEHHBIX HETOYHOCTEW MUHYC — 1-3 Oaina.

- Huuero ue cnemnano — 0 6auios.

V. YueOHO0-MeTOANYecKOe U HHPOPMAIITUOHHOE o0ecnieyeHre JUCHUIJINHbBI

1) Pexomenayemas mureparypa
OcHoBHas auTeparypa:

1. Kyapssues JI.JI. KpaTkuii kypc MaTeMaTH4eCcKOro aHaji3a: yuyeOHUK: B 2-X T. /
JLI. KynpsiBues. - 3-e uzn., nepepad. - Mocksa: ®uzmariut, 2009. - T. 1. ud-
bepeHImanbHOe U UHTErpajgbHOEe UCUMCIICHUS QYHKUUNA OJHOW mepemMeHHou. Ps-
abl. - 400 c. - ISBN 978-5-9221-0184-4; [OnextpoHHbIi pecypc]. - Pexxum nocry-
na: http://biblioclub.ru/index.php?page=book&id=82814

2. Kynpsisues JI.J[. KpaTkuit kypc MaTeMaTH4eCcKOro aHajau3a: yueOHUK: B 2-X T. /
JLI. KynpsiBues. - 3-e uzg., nepepad. - Mocksa: ®uzmariut, 2010. - T. 2. {ud-


http://biblioclub.ru/index.php?page=book&id=82814

dbepeHImanbHOe W WHTETPaIbHOE HWCYHCICHUS (YHKIUA MHOTHUX TEPEMEHHBIX.
I'apmonnueckuii ananus. - 425 c. - ISBN 978-5-9221-0185-1; [DnekTpoHHBIHN pe-
cypc]. - Pexxum nocryna: http://biblioclub.ru/index.php?page=book&id=82818

3. lepmnes, B. I'. Matemaruueckuit ananus: yueOHnoe nmocodue / B. I'. lllepirnes.
— Mocksa : UTHOPA-M, 2023. — 288 c. — (Bwiciiee oOpa3oBanue: bakanaspu-
at). - ISBN 978-5-16-005488-9. - Tekcr: »snektponnbii. - URL:
https://znanium.com/catalog/product/1911157

4..IlanTeneeB, A. B. Marematuueckuii ananm3: yuyeoHoe mocooue / A.B. Ilanre-
nees, H.U. CaBocteaHoBa, H.M. ®enopoBa. — Mocksa: UTHOPA-M, 2021. — 502
c. — (Boicmiee obpazoBanue: bakanaspuar). — DOI 10.12737/1077332. - ISBN
978-5-16-016008-5. - Tekcr: 3JIEKTPOHHBIN. - URL:
https://znanium.com/catalog/product/1219350

JlomoJTHUTEeIbHAS JIUTEPaTypa:

1. T'ypesnoBa, K. H. Marematuueckuit ananus: yueoHoe nocodue / K. H. I'ypbs-
HOBa, Y. A. AnekceeBa, B. B. bosipimmmnoB. — ExatepunOypr: Ypansckuii ¢ene-
paneublii yaHuBepcuret, ObC ACB, 2014. — 332 ¢. — ISBN 978-5-7996-1340-2.
— Texcr : anexktponHsli // LHudposoit odpasosatenbubiii pecypc IPR SMART
[caitT]. — URL: https://www.iprbookshop.ru/66542.html

2. llunaues, B. C. Marematuueckuii ananus. Teopust U MpakTHKa: yueOHOE TO-
cooue / B. C. IllunaueB. — 3-e u3a. — Mocksa: UHOPA-M, 2019. — 351 ¢. —
(Beicmiee oOpazoBanue). - ISBN 978-5-16-010073-9. - Tekcrt: 31€KTPOHHBIN. -
URL: https://znanium.com/catalog/product/989800
3ameuanue. Moowcno 60cnonb308amuvcs A0OLIM CIMEPEOMUNHBIM U30AHUEM Vieb-
HUKOB, YKA3AHHBIX A8MOPO8, He3A8UCUMO OM 200a U30AHUSL.
B) IMporpammHoe odecrieueHre u MIHTepHeT-pecypesl

[TakeT cumBoILHOM MaTeMaTuk Maple.

Caiit TBI'Y: http://homepages.tversu.ru/~s000154/MAPLE/maple.html

3ameuanue. Mooicno 80Cnonb306amsbCs 1H0OLIM CIEPEOMUNHbIM U30AHUEM YieD-
HUKO8, YKA3AHHBIX A8MOPO8, He3a8UCUMO OM 200a U30AHUSL.

2) [IporpammHOe oOecrieueHue

KomnbrorepHblii kjaace (paky/abTeTa NPUKIATHON MaTeMAaTHKU U KnOepHeTHKH Ne 40
(170002, TBepckas 00.1., r. TBepb, CagoBblii nepeyJiok, 1.35)

Adobe Acrobat Reader DC - Russian OecIUIaTHO

Apache Tomcat 8.0.27 OecraTHO
l'ocynapcTBeHHBIN KOHTPAKT HA MOCTABKY JIMLICH3U-
Cadence SPB/OrCAD 16.6 OHHBIX MporpaMMHbIX poaykToB 103 - 'K/09 ot
15.06.2009

GlassFish Server Open Source Edition | 6ecruratao



http://biblioclub.ru/index.php?page=book&id=82818
https://znanium.com/catalog/product/1911157
https://znanium.com/catalog/product/1219350
https://www.iprbookshop.ru/66542.html
https://znanium.com/catalog/product/989800

4.1.1

Google Chrome OeCIuIaTHO
Java SE Development Kit 8 Update 45 SeCILIATHO
(64-bit)

JetBrains PyCharm Community SeCILIATHO
Edition 4.5.3

JetBrains PyCharm Edu 3.0 OecIIaTHO

Kaspersky Endpoint Security 10 ms
Windows

AKkT Ha nepenauy npaB [1K545 ot 16.12.2022

Lazarus 1.4.0

O€eCILIaTHO

Mathcad 15 M010

Akt nipenoctasiienus pas MC00000027 ot
16.09.2011

MATLAB R2012b

Akt nipenoctaniienus mpaB Ne Us000311 ot
25.09.2012

MHorogpyHKIMOHANBHBIN peaak-

top ONLYOFFICE 6ecrnatnoe 110 Occratio
OC Linux Ubuntu 6ecrmiarnoe ITO OecmuiaTHO
MiKTeX 2.9 OecmiaTHO
MSXML 4.0 SP2 Parser and SDK OecmiaTHO
NetBeans IDE 8.0.2 OecmuiaTHO
NetBeans IDE 8.2 OecmiaTHO
Notepad++ OeCIUIaTHO
Oracle VM VirtualBox 5.0.2 OecIIaTHO
. . norosop Nel3918/M41 ot 24.09.2009 ¢ 3A0

Origin 8.1 Sr2 <<CO(1)TJPIafIH Tpeiin»
Python 3.1 pygame-1.9.1 OecriaTHO
Python 3.4 numpy-1.9.2 OecriaTHO
Python 3.4.3 OecruiaTHO
Python 3.5.1 (Anaconda3 2.5.0 64-bit) | 6ecruiatHO
WCF RIA Services V1.0 SP2 OecmiaTHO
WinDjView 2.1 OecruaTHO
R Studio OecmiaTHO
Anaconda3 2019.07 (Python 3.7.3 64-

OeCIIaTHO

bit)

[TakeT cumBoIILHOM MaTeMaTuk Maple.

Caiit TBI'Y: http://homepages.tversu.ru/~s000154/MAPLE/maple.html

3) CoBpeMeHHbIE MPOQEeCCHOHANIbHBIE 0a3bl JaHHBIX U WH(OPMAIMOHHBIE CIIpa-

BOYHBIC CUCTEMbI

1. OBC «ZNANIUM.COM» www.znanium.com;

2. DbC «YHuBepcurerckas oubdauoreka onnau»https://biblioclub.ru/;

3.  OBC «Jlaupy» http://e.lanbook.com.

4) Tlepeuensb pecypcoB MH(POPMAITMOHHO-TEIEKOMMYHHUKAIIMOHHON ceTu «HTep-

HET», HGO6XOIII/IMBIX JJIA OCBOCHUA JUCITUITIINHBI



http://www.znanium.com/
https://biblioclub.ru/
http://e.lanbook.com/

BuptyanbsHas obpazoBarensHas cpena TBI'Y (http:/moodle.tversu.ru)

Hayunas 6ubnuotexa TBI'Y (http:/library.tversu.ru)

VI. MeTOIlI/I‘leCKI/Ie MaTepHuaJdbl QA oﬁyqaloumxca o OCBOCHHIO NUCIIHUIIIIN-
HBbI

Baxknoit cocrapmstomei ganHoro pasaena PIIJ sBnsroTcs TpeOoBaHuUs K
PEUTHHT-KOHTPOJIIO ¢ YKa3aHUEM 0ajuioB, paclpeieICHHBIX MEXKIY MOMYJISIMHU
¥ BUJIaMH pabOThl 00yJaromuxcs.

MakcumanbHasi cyMMa 0ajuioB MO0 Y4E€OHOUM TUCHUILIMHE, 3aKaHUMBAIOIICH-
Csl DK3aMEHOM, MO UToraMm cemecTpa coctaisier 60 6amioB (30 6amwtoB - 1-i
MOyJib U 30 6aJTIOB - 2-i MOJTYJIb).

OOyuaromemycsi, HaOpaBmemy 40—54 Oanna, Npu MOJABEIECHUNA UTOTOB Ce-
MecTpa (Ha MOCJIEeIHEM 3aHSATUU IO JUCHUIUIMHE) B PEUTUHTOBOM BEIOMOCTHU
ydeTa YyCIeBa€MOCTU U 3aYETHOM KHMXKKE MOXKET OBITh BBICTaBJIEHA OIICHKA
«YIOBJIETBOPUTEILHOY.

OO6yuaroiemycsi, Habpapiiemy 55—57 6aioB, Mpu MOABEACHUN UTOTOB Ce-
MecTpa (Ha MOCJIeTHEM 3aHSITHH 0 JUCIHUILUIMHE) B Tpade peHTUHTOBOU BeJO-
MOCTH yudeTa ycreBaeMocTH «lIpemuanbHbie 0auibl» MOXKET ObITh J100aBICHO
15 6ayyioB U BRICTABJICHA SK3aMEHAIIMOHHAS OIICHKA «XOPOIIO».

OO6yuatomemycsi, HaOpapiiemy 58—60 6aioB, Mpu MOABEACHUN UTOTOB Ce-
MecTpa (Ha MOCJIeTHEM 3aHSITHH 0 JUCIHUILUIMHE) B Tpade peHTUHTOBON BeJO-
MOCTH ydeTa ycreBaeMocTH «lIpemuanbHbie 0auibDy MOXKET ObITh J100aBICHO
2’7 6aJJIOB U BHICTABJICHA YK3aMEHAIIMOHHAS OLIEHKA «OTJIMYHOY». B Kakux-nmu6o
WHBIX CJTy4asix J00aBJIeHUE MPEMHUATIbHBIX OAJJIOB HE TOMTYyCKAETCS.

OO6yuaronuiicsi, HabpapmHii 10 39 0aNI0B BKIIOYUTEIBHO, CAAET IK3aMEH.

Pacnipenenenrie 6amioB mo MOAYJSIM yCTaHABIMBAETCS MPENOJABaTEIEM U
MOKET KOPPEKTUPOBATHCH.

Meroanueckue yka3zaHus PEICTaBICHBI B BUE COJAEPKATEILHOTO pa3dbopa
pelIeHNs TUIIOBBIX 3a/1a4, BOBHUKAIOIIUX MTPU OCBOCHUM JUCHMILUIMHBL. CamMoCTos-
TeJIbHasl padoTa 3aKJII0YaeTCs] B OCBOCHHWM TEOPETHUYECKOTO Marepuasia JICKIUNA U
pelIeHus 3a7a4 1Mo TemMaM padbodeil mporpaMMel.

Ilepewvtii cemecmp

3amavu NI CaMOCTOAITEJILHOTO pellieHUus
(MeToAMYECKUE YKa3aHWSl JaHbl HUXE B paszfesie «IPUMEPHI COAEPKATEIHHOTO
OMMCAHUS PEUIEHUs TUIOBBIX 33/1au» MOCJI€ BOMPOCOB JJIsl MOJTOTOBKU K 3K3ame-

HY)


http://moodle.tversu.ru/
http://library.tversu.ru/
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OneHouHblie CpeacTBa Vil TEKYHICI0 KOHTPOJIA YCIIEBAEMOCTH



1-a_xoumpoavnaa mouka. Tembr Ne 1-2. Tlo Tekymieit paboTe cTyaeHTa U 3a T0-
cemnaemMocTb — 15 6aiioB. I1o TOroBoMy KOHTPOJIIO 32 MOAYJL — 15 OaoB.
Bcero 30 6ainos.

2-a1_ koumponavhaa mouka. Tembl No 2-4. Tlo Tekymieit paboTe cTyJeHTa U 3a 10-
cemnaemMocTb — 15 6aiioB. [1o HTOroBoMy KOHTPOJIIO 32 MOAYJL — 15 6aoB.
Bcero 30 6anos.

Ik3amen 40 6annoe.
HawnGomnbmee kommaecTBo 6amioB 3a cemectp pasHo 100.

Bonpocsl 1151 NOATOTOBKHU K IK3aMeHY
Onpenenenne uppauroHaibHoro ynciaa. OcHoBHas TeopeMa (Llenekunaa).
1-2n° 1

i = N a =—— a=—-——
JlokazaTh, 4TO lima, =a (ykazaThb (8) ), eciu a, L 3

n—>w©

1
Jlokazats, 4TO limn(a" —lj =Ina (a>0). Ykazanue. BBecTH HOBYHO MEpPEMEHHYHO

1
— 1
y =q" —1 u yLICCTB, qTo y— 0 Ipu n— © . Bocroip30BaThCs TEM, 4TO lim(1+ y); =e,T.C.
y—>0

BTOPBIM 3aMCYATCIIbHBIM IIPCICIIOM.
rpaHI/IHBI YHCJIOBBIX MHOXKCCTB.

3/n3+5—\/3n4+5

Beraucnute npezgen lim

. Y4ecTb, 4T0 cyMMa nepBoIx I die-
oo 14+ 243+, 1) ’
o~ a, +a
HOB apU(METHIECKON NPOTPECCHU § =1 —"p
2

ITycts f(x)=% (a>0). Tloxasats, uto f(x+y)+f(x-y) =

2f (x) f ( y). Omnpenenenue nouaTust GyHkiuu. BaxkHeimme kiaacchl QyHKITUH.

. lgex-1
Berunciute npeaen llm\/g——9 . Yka3zanue. Hanpumep, BBECTU HOBYIO IIEpEMEH-
x_ —

x—10

Hyto ¢ =x—10 u yuectp, uro ¢t >0 mpu x —> 10.
[loka3zaTp, 4TO BCSKYIO (DyHKIHUIO f (x), ONIPEAECIEHHYI0 B CUMMETPUYHOM

VHTEpBaje (—l,l ), MOKHO TIPEJICTABUTh B BUEC CYMMBbI YETHOW M HEYETHOU (DyHK-
1007078

Hucnoas nocnenoBaresbHOCTh. OnpeniesieHue npeaena nocjiea0BaTelIbHO-
cTu. beckoHeuHO Masbie U 0ECKOHEYHO OOJIBIITNE BETUYUHBI.

2x -2x

Beraucnute npegen lim———— Vuects, 4t0 a* = €*'™ M acUMNTOTHYECKHE
x>0 sin3x—2x

pasioxenus e*=1+a+ O(az) , siha=a+ O(a3 ) MpU JIOCTATOYHO Manblx O, T. €. TpHu

a—>0.



100
. .ox T —2x+1
Haiitu 3Hauenue BbIipaxkeHuss lim—————. Vxazanume. IpencraButs apo6hb

1 X —2x+1
x-2x+1 (xmo—x)—(x—l)
= ~ . B BHIE ”
x7=2x+1 (x —x)—(x—l)
(x-1).

Omnpenenenue npeaena Gpyaknun (n8a). OMHOCTOPOHHUE TTPEIEITHI.

sin[ﬁka

k=1

U pasgciuTb YHUCIUTCIIb W 3HAMCHATCIIb ,Z[pO6I/I Ha

<Ysinx, , ecmn 0<x, <7 s moGoro
k=1

]_IOKaBaTB HCPABCHCTBO

k . Yxazanue. Bocnoiap30BaThCsi METOIOM MAaTEMAaTUYECKON MHYKIINH.
Haiitu npenen lim[ (x+a)(x+b)- xi| ,
X—>0

. pe! —
Haiitn cymmy Bcex OumHOMHanmbHbIX KO3(ddumumentoB C,+C,+... =
n
!

>.Cl tne ¢ =

———— — YHCJO COYETaHMI U3 N BJIEMEHTOB 10 Ak DSJIEMEHTOB.
= (n—k)!k!

n
o n k -k k
VYkazanue. BocnionszoBatscs dopmynoit HeroToHna (a + b) = cha" b*.
k=0

7x* +8x+1
OKa3arth (Haith O(€)), yro lim ——— =
s ( ( ) ) =>-1 x+1

[IpenenbHbIN MEpeXo] B paBEHCTBE M HepaBEHCTBE. JIeMMbl 0 OECKOHEYHO

MaJIbIX.
JJeosx —1

Haititu npenen lim
P x>0 sin’ 2x

O0M Ha BBIpaXXEHUE, CONpPSHKEHHOE YMCIUTEN0. Bocrosb3oBarbes, HampuMmep, TeM, 4YTO IPHU
HAXO0XJICHUU TIpeJiea OTHOIICHHsI IBYX OECKOHEUHO MajbIX KaXXAYI0 M3 HUX MOXHO 3aMEHUTH
JTII00011 DKBUBAJIEHTHOI € OECKOHEYHO MaJION

Hokazatb, yto QyHKIUSA f (x) HEeMpepbIBHA B TOUKE X, (HalTH O (8)), €CIu
f(x)=5x"+5, x,=8.

Heonpenenéunsie BeipaxeHus.

. . log,x-1
Haittu npenen lln}tgz'—. Vkaszanue. Hampumep, BBECTH HOBYIO IIEPEMEHHYIO
X g?z'x

. Ykazanue. YMHOXUTh YMCIIMTEIb U 3HAMEHATEIb Apo-

t=x-3 u ydectb, uto t >0 mpu x —> 3.

Hokazatb, yto QyHKIHSA f (x) HEeMpepbIBHA B TOUKE X, (HAlTH O (e)), €CIun
f(x)=4x*+6, x,=7.

[Ipenen MOHOTOHHOM (DYHKITHH.

SABnsercs 11 paBHOMEPHO HENpepbIBHON GyHKIUSA f (x) =x’ Ha MHTepBale
(=1,1), rne 1| — M1060€, CKOJB YTOIHO GOMBIIOE YHUCITO?

3
.ox =-2x-1
Boruucnuts npegen ¢pyHkuun lim ————— Vkasanue. Boyienuts B uncimrene
>-1x"+2x+1

1 3HAMCHATCJIC COMHOXXHTCIIb (x + 1) .



Yuco €.
[Ipumensiss MeToa MaTreMaTUYeCKOW WHIYKIIMH, 0Ka3aTh, YTO JJIS JHO00r0

“

HATYPAJILHOTO YMCJIa I CIIPABEIIMBO PABEHCTBO: 1P +2° +... = (1+ 2+...
. e +e =2 .
Beraucnute npenen lln{}f. Vuects, uto shx[] , sinx[] , ana gocra-
x>0 sin” x

TOYHO MaJIbIX 3HAUEHUU X .
Yactuunsie nocienoBarenbHOCTH. JlemMa bosbriano - Bewepirpacca.

Onpenenutb 0071aCTh CYIIECTBOBAHUS (PYHKIUH y = arcsin lzx :
+Xx

o . 2n+3\"
BoruncnuTh mpenen 4ucioBOi MOCIeIoBaTeIbHOCTH lim vl IR Ykaza-
no\ 2n+

. 1y
Hue. Bocnonb30BaThCsA BTOPBIM 3aMEUYaTEIbHBIM MPEICIIOM. llm(l +—| =e.
X—>© X

YcnoBue CynecTBOBaHUSI KOHEUHOTO MpPeEeda.
ITycTh X — +0 u n>0. Ilokazarb, d4TO C-O(x”) = O(x"),

o(x")+0(x")=0(x") (n>m), o(x")o(x")=0(x"").
. x=2x+1
Boruucnuts npenen lim——————. Vkazanue. Boigenurs B unciurene u 3Hame-
ol x —x"—x+1
HaTese COMHOXKHUTED (x - 1) .

CpaBHCHI/IG OCCKOHEYHO MaJIbIX. JKBUBAJICHTHBIC OECKOHEUYHO Maibie. BEI-
JCICHUC IJIaBHOM YacCTH.

YuutsiBasg, 4To 1+ x—1= % X+ o( xz) BBIJICJIUTh TJABHYIO 4acTh U3 OECKO-

HEYHO MaJjou O(x2 ) . TTokasats, uro Y1+ X —1 moxHO npencraButs B BUIE %x + 4ax’ +

0(x3) , T. €. HAWTH, YeMy paBHO A .

OmnpeneneHre HENPEPHIBHOCTH B TOYKE. ApupMeTHYECKHE ONepaluuyd Haj
HenpepbIBHBIMU QyHKUIMSIMU. [[puMepsl.
HccnegoBaTh Ha HEOPEpPHIBHOCTH W MOCTPOUTH Tpaduk  QyHKIMH

y=lim T (x> 0). Ykazanue. Pacemorpers cinydan 0<x<1, x=1u x>1.
n—>o 1 4 x"
T _ex
Beraucnute npemen im——————— . Vkaszanwe. BBecTH HOBYIO NeEpeMEHHYIO

x>z §in Sx —sin3x
t=X—7 uyudectb, uto t >0 npu X > 7.

OpnnoctoponHsist HenpepbIBHOCTD. Kitaccudukaimst pa3peiBoB. [Ipumepsr.

Oyukuus f(x)= 1—+ TepseT CMBICH IPpU x = 0. Onpenenurs 9ucio f (0) ,
X

4yTOOBI f (x) Obl1a HenpepbIBHA TPU x = 0.

HermnpepbIBHOCTE M pa3pbiBbI MOHOTOHHOM (pyHKITMH. CyIepro3uiiys Hempe-
PBIBHBIX (DYHKITHA.



+1 1
IIycte x>+ u n>0. Jlokazarh, 4TO 2x3—3x2+1=0(x3), xz =0(—],

arctg x 1
-0l 5.
1+x X
1+ xsinx—cos2x

Bpruucnoute npeaen  lim d . Yuectb, Hanpumep, uto 1—cosx =
x—0 sin” x

2sin2§, sinx = 2sin > cos > .

CaoiicTBa HenpepbIBHBIX QyHKIMA. [lepBast u BTOpas Teopemsl bonbiiano —
Komm.
1) Ecin f(a)<0, f(b)>0; 2) eciu f(a):A, f(b)zB u A# B 1o, uro u3 sToro cieny-
€T U KaKMM CBOMCTBAaM JI0JUKHA yIOBJIETBOPATH GyHKuus f (x) .
lg(x+h)+lg(x—h)—21gx

h2

Iga+1gb = 1gab, 1ga—1gh = lg%, 1 popMyIly COKpaEHHOTO YMHOKEHUS (x—h)(x+ h) =

x2=n?
Ig(x+h)+1g(x—h)-2lgx ‘g(xz ]
2 = lim—z.
h h—>0 h

3
HOKaBaTB, qTo (bYHKHH}I y=X pPaBHOMCPHO HCIIPEPBIBHA HA OTPE3KE [a,b] .

Havitu nipenen lhlllg . Yuects, uto npu a>0 u b>0
-

x> —h*, T.e. uro lim
h—0

Teopema 00 orpanuuenHocty ¢yHKIMU (1mepBas Teopema Beitepuirpacca).

Ecnu pynkuus f (x) ..., TO OHA OrpaHUYEHA.
[Tone3ysace kputepuem Komm, mToka3aTb CXOIUMOCTH MOCIEA0BATEIBHOCTH
cosl! cos2! cocp!
x, =1+ + +... —— . Ykazanue. Ilokazars, yro s moboro &> 0 cyme-
1.2 23 n-(n+1)

CTBYCT 4YHUCJIO N = N({;‘), TaKO€, 4YTO HCPABCHCTBO ‘xn - X ‘< & BBINIOJHACTCA AJIA BCCX

n+p

n> N 1 1100010 HaTypajJbHOTO Yucia p .

1
HOKa?»aTI) SKBUBAJICHTHOCTh OECKOHEYHO MAaJIBIX: tgx —sin x [ . YKazaHue.
2

. tgx—sinx
Haiitu, yemy paBeH npezen 11_1)1(} 1 .
X
—X
2
o . 1—+/cosx
Haittu npenen lim ————.
=401 —cos/x
MEHATENb Ha BBIPAKEHUS, CONPSIKEHHBbIE 3HAMEHATENI0 U YHUCIUTEN0 COOTBETCTBEHHO M BOC-
M0JIb30BATHCS, HAPUMEP, TEM, YTO MPU HAXOXKJIECHUU Mpejiesia OTHOIIEHUS ABYX OECKOHEYHO
MaJIbIX KXy U3 HUX MOYKHO 3aMEHHTD JII000M SKBUBAJIEHTHON €if 0ECKOHEUHO MaJIOH.

Jlokazarp, 4TO a* —10 (a>0) IS JOCTAaTOYHO MajJbIX 3HAUEHUN X .

3

VkazaHue. HaHpHMep, YMHOXUTH YHUCJIUTCIIb U 3HA-

X

o o X
= 1. Bocronb3oBaThesi HOBOi mepemenHoit y=a —1,

. a
Vkazanue. IlokaszaTe, yro lim
x>0 xIna

YYHTBIBasA, 4T0 y —> 0 npu x —> 0.
ITonsiTHEe O paBHOMEPHOU HENPEPBIBHOCTH.



. x*+1
Bpruuciute npenen lim

————— . Hanpumep, BOCIonb30BaThCs OAHON M3 (op-
x—>-1 sm(x + 1)

MY COKpaI_HéHHOFO YMHOXXCHHS U IICPBBIM 3aMCYATCIIBHBIM IIPCACIIOM.

3
Jlokazatb, 4TO PYHKIMS Yy =X paBHOMEPHO HEMpPEpPhIBHA HA OTPE3KE [a,b].
Teopema KanTopa.

X —X

. e +e =2

Beraucnute npenen lln{}f. Vuects, uto shx[] , sinx[] , ana gocra-
x>0 sin” x

TOYHO MajibIX 3HAUeHHH X .

Jlokazatb, 4To (QyHKIUS f (x):sinx HEMpepbIBHA TpHU JIIOOOM 3HAYEHUU

X=X,.
) \/1+tgx—x/1+sinx
Beruuciute npenen lm(} 3 . Ykaszanue. Jlnsg Havama yMHOXHTb
x> X
YUCIUTCIIb U 3BHAMCHATCJIb Ha BBIPAKCHUEC, COIIPAKCHHOC YUCIIUTCIIIO.
e'—e”
Jnst yskuum y= f (x) = shx = T HalTH OOpaTHYIO (PYHKIHUIO
. e —e "
X = g(y) , T. €. HAUTH X U3 YPAaBHCHUS Y = T

HenpepbIBHOCTD 371eMEHTapHbBIX (PYHKIUH.

. . 3-4J10-x
Haitn npepen lim————.
x> sin37wx
t=x-—1 u yuectp, uto t >0 npu x — 1.

SIBnsieTcs 1 paBHOMEPHO HEMpEpbIBHOM PyHKIUA f (x) =x’ Ha uHTepBane

Vkazanue. lcnonp30Barb HOBYHO IIEPEMEHHYIO

(—l,l), rjae [ — moboe, CKOJIb YTOIHO OOJIBIIOE YUCIIO?

Hokazatb, yto QyHKIHSA f (x) HEMpepbIBHA B TOUKE X, (HalTH O (8)), eciu
f(x)=-5x"-8,a x,=2.

1
HaﬁTI/I HpeI[eJI lim(x+ex)x . yKa3aHI/Ie. ((BBIHCCTI/I» e” 34 3HaK pa,I[I/IKaJ'Ia 1 BOCIIOJIb-
x—0

1
30BaThCA TEM, YTO lim(1+ a)a =¢.
a—>0

IIpuMepsI coxepKRaTeILHOTO ONUCAHUSA PELICHUS TUIOBBIX 3a/1a4

2
1-2n 1

2 a S
2+6n

Pewenue. 1o onpenencHuio mnpeaena Aias M000ro CKOJIb YrOAHO MAaJloro
uncna >0 JIOMKEH CyIIECTBOBATH Takoi Homep N (&), uto nnst Bcex n> N

1. Toxazats, 4to lim @, =a (ykasats N(¢)), ecnu a, =
n—»®©

AOJIKHO BBIIIOJIHATHCA HCPABCHCTBO ‘ a,— a‘ <¢&.

3amMeTHM, YTO €CNIH pedb UAET 00 yCTaHOBICHUU (haKTa CTPEMIICHHSI TTOCIIe-
JIOBAaTEJIbHOCTU @, K Tpejaey @, TO COBCEM HE 00s3aTeIbHO YKa3blBaTh HAUMEHb-



mee 3HaueHue N, i KOTOPOTO BBIMONHSAETCS HEPABEHCTBO |4, —a|< & Tpu n> N
. Baxxen cam (paxT cymiecTBoBaHusI TAKOTO HOMepa N .

1-27" 1 P 2
PaccMOTpuM  pasHoCTb |a,—a| = |——=+=| = 3-6n +2+6n | _
2+6n" 3 3(2+6n*)
5 6 _ 1 1
= < < ¢. CiegoBaTenbHO, TOJDKHO BBINOJ-

6(1+3n2) = 6(1+3n2) 1+3n® 3n’

1
HSTBCS HECPABCHCTBO n’ > L, T. €. 3a N MOXHO B3STbh OCIIYIO 9aCTh YHUCId ——

3¢ NEYR

TeM caMbIM yTBEpKICHHE TOKA3aHO.
Cnenyer 3aMetutb, 4TO N MOKHO ObUIO OBl HATM W W3 HEPABEHCTBA

ﬁ < E. HO BOBCC HEC O6$I33TCJ'H)HO HAaXOJIUTh HAMMCHBIIICC BO3MOXKXHOC 3HA-
6(1+3n

yenue N . BaxHo, 4TO TakOM HOMEP B MIPUHIIUIIE CYILIECTBYET.

2. BBIUHCINTB MIPEIEITbl YUCIOBBIX MTOCIEI0BATEILHOCTEM:

[1+5+9+13+... -3)_4n+1] €/n3+5—\/3n4+5

a) lim

n—»oo

n+1 2 > 0) lim

oo 14345+, 1)’
. 3n—1)+(3n+1)! . —

B) lim ( ) ( ) ; T) lim (\/54/5{3/5 v,

n—»o (3”)!(11—1) n—»o J

Peweﬂue. HaHOMHI/IM, 4TO CyMMad KOHCYHOI'O YHCJIa YJICHOB apH(bMeTqu'
CKOﬁ IIpOrpeCCun paBHa IPOU3BCACHHUIO ITOJIYCYMMBI KpaﬁHHX YJICHOB HaA 4YHUCJIO
ClaracMbIx, T. €. CyYMMa IICPBBIX N 4YJIEHOB apI/I(l)MeTI/IHeCKOﬁ IIporpeccCumn
a +a,
Hrew .

2

@,58,,... _ BBIUKCISIETCS 110 PopMmyle S, =

a) Yucnutenb nepBoil ApoOu sIBISIETCS CYMMOM Il 4JIeHOB apu(MeTHUeCKOn

nporpeccun ¢ wieHamu 1, 5, 9, 13, ..., 4n—3, HO3TOMY C YYE€TOM YKa3aHHOMU
1+5+9413+... 3 2n—1 4n+1
GopMyIIBI  lim . ) _dn+1) _ lim (@n-yn _ =
> n+1 2 nsol  p41 2
1 1
_ 7+7
. 4n*-2n—4n*—4n—-n-1 _ . TIn+1 . n(7+n] . . n _
P T e MmN T T )
n—»c0 n—w n—o n—o0
> 2(n+1) (n+1) 2n(1+j 2(1+]
n n



0) YuuTbIBas, 4TO 3HAMEHATENb APOOU SBISETCS CyMMOH N 4IeHOB apudme-

. {3 lim Y +5-3n" +5
THYECKOH  IIPOrPECCHH ,3,...,2n—-1, WMeeM -
porp " o 1+3+5+... -1)

ni/l+ 5 n’ \/3+ >
o nt 1
lim "' n' _ lim —i/l+i3— \/3+i = —\/5.

n—® nz n— n n n4

B) CuMBOJI n! 03HAayaeT NMPOU3BEJAECHUE IOCIIEIOBATEIbHBIX HATYPAIBHBIX

yucen oT 1 10 I BKIIOYHUTENBHO, T. €. n!=1-2-3-... . Cinengyer 3aMeTUTh, HAIIPU-
3n
3n-1)1"=+(3n)!(3n+1)
MEp, 4TO n!=n(n—1)!. Hraxk, 1im(3n_1)!+(3n+1)! = lim( ) 3n
e (3n)!(n-1) > (3n)(n-1)
1 1
(3n)'—+(3n) (3n+1) (3n)!(1+3n+1j SH34
= lim = lim 3n = lim3—— " —3
ne (3n) (n-1) e (3n)Y(n-1) > 1_1
n

r) Beipaxxenue 24282 , IpeJIe]l KOTOPOro HA/I0 HAWTH, MOXKHO Mepe-

nucarb B BuAe 22242%... | Kak WM3BECTHO M3 DJIEMEHTApPHOW MATEMAaTUKH, MPHU

YMHOKCHHNH YUCCII ¢ OAMHAKOBBIMHM OCHOBAHUAMM I1OKA3aTCJIW CTCIICHU CKJIa/lbl-
111 1 11,1
BAIOTCA, T. €. 222428... =248 " 2

B JAHHOM CJIy4ac CTCICHb YMCJIa JBA €CTh HC UTO MHOEC, KaK CymMMma Nl yjie-
HOB FCOMeTpI/I‘-IGCKOI/I MporpeCcCuu CO 3HaAMCHATCJICM, PABHBIM E Tak kak CyMMa

Il 4JIEHOB re€OMETPHYECKON mporpeccun b,b,,...  co 3mamenarenem ¢ pasna S, =
1 1

b,(1-4") 11 1 12 1=y O
— =, T0O —+ 5+ +... = T 1-—.

1—-¢q 2 22 2 2z 1 2"

2
(DT 1
CrenoBarenbHo, lim (J_ 23282 =lim 2248 =lim2 ? =1.
n—wo n—o

1+sinx—cosx

3. Haiitu ipeen lim
x>0 1+ sin px—cos px

Pewenue. llepexons K INOJOBUHHOMY YIUIYy g, IIOJIb3YSICh W3BECTHBIMU

(1)0pMYJ'IaMI/I BHCMCHTapHOI/I TPUT'OHOMCTPHH sin x = 251n—cos; N 1—cosx=2sin %



. .. 2 X . X X
1+sinx—cosx 2sin —+2s1n5cosz

HalJIeM: lir? - = lim 2 -
= 1+sin px—cos px 2 2sin? X 4 25in P cos PX
2 2
Lox( . x x
sin — (sm 5 +eos ] sin® P sin > +cos > 1 1
ling :lin% x2. 2x . 32c = — = —.
x—> x—>
sin 2| sin 2¥ + cos 2* sin?y  sin?X ycos X P p
2 2 2 2 2 2

3aMeTI/IM, qTo IIPU HAXOKACHHUU IIPCACIa BOCIIOJIB30BAJIMUCH IICPBBIM 3aMC-

9aTCJIbHBIM IIPCACIIOM lims"la

a—>0 a

=1.

CJIGI[yeT OTMCTHUTDB, YTO TOT KC IIPCACIT MOKHO HAWUTH U mo-aApyromy, €CJiIn

BOCITIOJIB30BATBCA ACHUMIITOTUYCCKHUMH PA3JIOKCHHUAMU, T. €. TCM, 4YTO AJIIA AOCTA-
2

3
. a . a
TOYHO MajbIX 3HAYECHUH & : COSQ = 1—;+0(a4), sing = a—§+0(a5)_ Torna

I 1+sinx—cosx 1+x+0(x3)—1+0(x2) . x+0(x2) . 1+0(x)
Im = lim = lim———~% = lim————
=0 1+sinpx—cospx 01+ px+ 0(x3)—1+ O(xz) x>0 px+0(x2) 0 p+0(x)
_1
=
beimo  ydreHo, dTO 0(x3) + O(xz) = O(xz). JIeiCTBUTENBLHO,
3 2
Efzo(xo)(;o)(x - © (€, 6 - o] - € 3aee

c, C, C,, C, — ormuHbIE OT HyJIS TOCTOSHHBIE.
Ecaim B 3TOM K€ TOpUMEPE  MCIONB30BaTh  CHMBOI  «0», TO

lim I+sinx—cosx lim 1+x+0(x2)—1+o(x)
*>0 1+sin px —cos px x"°1+px+o(x2)—1+0(x) x>0 px+o(x) x>0 o(x)

),

Beuto yureno, uto o(x*)+o(x) = o(x). HeiicrBurensho, o(x*)+o(x)=

B(x)xX* + By(x)x = [B(x)x+B,(x)]x =px)x = o(x). 3mecs B(x),4(), px) —
(YHKIUH, CTPEMSIIMECS K HYJIIO P x —> 0.

, T. K. lim
x—0

4. Onpenenuth 00JIACTH CYIIECTBOBAHUS (OMIPECIICHHUS ) CASAYIOMNX (YHKITHIA:

Q) » = 3x=x":6) y = lefeos(lg)]: B) ¥ = arcsin 25

r) y = \/sin2x+\/sin3x (OSxSZﬂ).

Pewenue



a) OyHKIUS ONpEAENIeHa, €CIH MOJAKOPEHHOE BBIPAKEHUE HEOTPHULATENBHO.
CrnenoBaTenbHO, JOJIKHO BBINOJIHATHCS HEPABEHCTBO 3x—x® >0 WIH, YTO TO K€
camoe, x(x2 —3)30. Ecin 3amucate 1mocieHee HEPaBEHCTBO B BHJE

x( x—A/3 )( x+/3 ) <0 ¥ BOCIIOJIb30BAaThCSI METOJIOM UHTEPBAJIOB, TO Cpa3y HAUIEM,

T

9T0 QYHKIMS Yy CYIIECTBYET MPU 3HAUCHUAX X € (—oo,— V3 ] U . .

0) Oyukius onpeneneHa ecnu x>0 u cos(lg x) >0. 13 nocneaHero HepaBeH-
CTBa  CJEAyeT, 4YTO  JIOJDKHO  BBIMIOJHATHLCS ~ JIBOMHOE  HEPABEHCTBO

p - o 27k-2 2k 2
~+ 2k < lgx < S+ 27k , OTKyJa, MOTeHUUpys, Haitgém 10 2 <x<10 *. BeI-

JIO YYTEHO, 4TO cost >0, €CIu _§+2nk< t<%+2,,k (k=0,£1,%2,... .

B) OyHKIMS ompejesieHa JJIs BceX 3HAUCHUN X, YIOBJIETBOPSIONIUX HEpa-

BEHCTBY |——|<1. DTO 03HAYaeT, 4TO —1 < 2x - 1. Takum 00pa3om, HEOOXOIUMO
1+x 1+x
2x
1— +12>0,
HaWTH peIeHNEe CUCTEMBI IBYX HEPaBCHCTB ;x Ona >KBUBAaJICHTHA CH-
X
—=1<0.
1+x
3x+1
1 >0,
cTemMe tx Hcnonb3yst mMeTon HWHTEPBAJIOB W3 IMEPBOTO HEPABEHCTBA,
x__l <0
1+x

HauJaEM, 4TO0 x<—1 HWIH x> _l, a U3 BTOPOTO HepaBeHCTBa — —1< x<1. CieaoBa-
3

TCJIBbHO, 3HAYCHU —% < x <1 YAOBJICTBOPAIOT o0ouM HCPAaBCHCTBAM.

r) OyHKIUs CYIIECTBYET, KOT/Ia 00a MOJKOPEHHBIX BBIPAXKEHUSI HEOTPHUIla-
sin2x >0,

) N3 mepBoro HeEpaBeHCTBA CHCTEMBI CIENYET, 4YTO
sin3x > 0.

TEIbHBI, T. €. {

27k <2x<m+2mk WK ”kgxg§+ﬂk. N3 BrOporo — 2zn<3x<z+2zn WA

%n5x5%+2§n,rz{e k u Il — 1ieJple Yncia.

3aMeTuM, 4TO MO YCIOBHIO 3aaul 0< x <2z, TO3TOMY Ak MOXKET MPUHHU-
MaTh TOJILKO 3HaueHus 0 mou 1,an—0,1, 2.
Urak, npu k=0 u n=0 3HAYCHUS HE3aBUCHMOW MEPEMEHHOM X YJIOBIIE-

TBOPSIOT COOTBETCTBEHHO HEPABEHCTBAM 0 < x g% U0<x< % OnHOBpEMEHHO 3TH

T

JABa HEPABCHCTBA BBIITOJHATOTCA IIPHU 0 < x <
3



IIpy octanbHBIX 3HAYEHUAX Kk W I MPOMEKYTKH 3HAYEHUU X, B KOTOPBIX

sin2x20 # sin3x2>0 nepecexkarTcd TOIBKO HpU k=1, KOraa < x537” U 1OpHU

n=2, KOrua ? <x< ? OAHOBPEMEHHO 3TH JIBa HEPABEHCTBA BBIIOIHIIOTCA MPU

7 <3E
3 2
Taxum oOpa3om, QyHKIMS y oOmpesesieHa B HpOMC)KYTKe 0<x<2m, ecnu

HE3aBHCHMast [IEPEMEHHAS IPHHAMACT 3HAYCHHUS 0 < x < WM % < v < 3% .
3 3

2

Bmopou cemecmp

3amavu 1J1 CaMOCTOSITEIbHOTO PellleHust
(MeToAMYECKUE YKa3aHUsl JaHbl HUXE B pasfelie «IPUMEPHI COAEPKATEIHLHOTO
OMUCAHUS PEUICHUs] TUMOBBIX 3a/1au» TOCJIE BOMPOCOB ISl OJATOTOBKH K dK3aMe-

HY)

Hcxo0a uz onpeoenenus npou3eo00Holl, HAUIMu f'(0)

-y

. f(x)=\/1+ln(1+x2 sinl)2 -1, x#0; f(0)=0.
X

2. f)=sine” " —1)+x, x£0; f(0)=0.

3. f)=3" " _1+2x, x£0; f(0)=0.

2
e* —cosx

4. f(x)=T, x#0; f(0)=0.
2

5. f(x)=x2cosi+x—, x#0; £(0)=0,
3x 2

Fo =122 "% 14 %), x#0; f(0)=0.

A

Haiimu npou3e00nyio

1. =x—ln(2+ex+2 e2x+e"+1). 2. y=2Je*+1+In Ner+1-1,
¥ Ve* +1+1
3 pe cos(sinS)-sin’ 2x 4 pe cos(In7)-sin’ 7x
) 2cos4x ' ) 7 cos14x
1 2+\/_thx 1++/thx
5. 6. =—l ——arct N thx
a5 2 d 1- \/_ ¢

PLZE

7. y=x° . 8. y=x"



o ! o
Haiimu npou3e00ny0 nepeozo nopaoka y, om (Qynkuuu, 3a0aHHOU napamem-

puuecku
r —3t2+1 X =arct,
*= 3 x=+1-1¢ - s
1. | . 2. ’ 3. V1412
e =1gV1+1¢. y=In .
y=Sln(?+t)- Y 1+¢
4 Jx=m F 5 [¥=aresing?, o [x=tne,
< +t . \/—2 . _1/ . 2
_ i s y=t/J1-¢2. y=1/sin’¢.
Ly_ -

« n «
Haiimu npouseoonyro émopozo nopsadka y . om (yHKuuu, 3a0aHHOU napa-

mempuiecKu
2 1
x=+1-1", xX=-, X = cos2t,
1. 1 2. ! , 3. 2
y:—. — y= 2 ,°
¢ y 1+ cos“ ¢t
t
X=e cost xX=t+sint =¢e'
4. L 5. ’ 6. 1* 7
y=e'sint. y=2+cost. y = arcsint.

Hocmpoums cpagpuxu pynkyuit c nomouiblo nPOU3800HOI NEPBO20 NOPAOKA

3/ _ 2
1. y=1-x*-2x. 2. y=2x—3§/?. 3. y=M .

x> +8
3/ _ 2
4. y=—%. 5. y=Yx(x+2). 6. y=x’+4x+3 .
x> 4+2x+

Haiimu naubonvuiee u HaumeHovuiee 3HaueHue YHKUUIL HA 3A0AHHBIX OMpe3-
Kax

1. y=x2+3%_16, xeqn4). 2. y=d-x-2, xepa.
X
2(x*+3
3. y=2x-2’8-x)-1, xe[0,6]. 4. y=#, xe[-3,3].
x =-2x+5
5. y=2\/;—x, xe[04]. 6. y=x—4\/;+5, x e[9].

Ilposecmu nonnoe uccnedosanue QynKyuil u nocmpoums ux 2paguxu

1 _x3+4 ) _xz—x+1 2
YT YT T YT xxr2)




4. y=@-x)(x"—4x+1). 5. y=YQ@+x)(x +4x+1). 6. y= /—Si“xj;“sx,

Hccnedosamov na skcmpemym yHKyuu 08yx nepemeHHvix

1. z=x"+(y-1)". 2. z=x"-xp+y’ -2x+y. 3.
z=x"y'(6-x-y).

2 2
4. 7=x"+y' —x'-2xp-2y". 5. z=xy1/1—x—2—‘l}:—2 (@>0,b>0).
a

6. z=x—=2y+Iny/x* +y? +3arctg1-
x

Haiimu mouku ycnoenozo sxcmpemyma ciedyiouux ynkuyuii

1. z=xy, eciux+y=1. 2. z=£+%, ecﬂux2+y2=1.
a

3. z=x?+y?, ecﬂu£+%=1. 4. z=AxZ+ZBxy+Cy2, ewmx2+y2=1.
a

5. u=xy'z’, x+2y+3z=a (x>0,y>0,2>0,a>0).

6. u=xyz, ecux +y'+7'=1,x+y+z7=0.

Ilymem nocnedosamenvnozo ougghepenyuposanus uCKIOUUMb NPOU3EOIbHDLE
gyuxkuuu @ u 'y

1. 2= x+0(0y). 2. z=x¢(§). 3. 2= () +y(y).

4. z=p(x)p(y). 5. 7= x¢(§)+ yw(i). 6. z=o(xp)+ ”’(f) ,

OneHouHbIe CpeacTBa JJIA TEKYLIET0 KOHTPOJISA YCIIEBAEMOCTH

1-a konmponvuasa mouka. Tembl Ne 5 — 7. I1o Tekyiei paboTe CTyJeHTa U 3a Mo-
cemnraemMocTb — 15 6amos. [1o TOroBoMy KOHTPOJTIO 32 MOAYJL — 15 6asoB.
Bcero 30 6aos.

2-1_konmpoavuaa mouka. Tembr Noe 8 — 10. ITo Tekymeit pabore cryaeHTa u 3a
noceraeMocts — 15 6amios. [To uToroBomy KOHTpOJIIO 32 MOAYJIL — 15 GasmioB.
Bcero 30 6aos.

Ix3amen 40 6annoes.
Haubomnbiee komuyecTBo 6amioB 3a ceMectp paBHo 100.

Bonpocs! 17151 IOATOTOBKH K IK3aMeHY

[TpousBoanas u guddepeHiman nepBoro MopsaKa.



[Ipou3BoaHbIE TPOCTEHIINX (PYHKIIHIA.

[Ipou3BoaHAas CIOKHBIX U OOpaTHBIX (QYHKIIUMA.

[IpousBoansie U quddepeHranbl BHICIIUX MOPSIKOB.

[Tapamerpuueckoe nudpepeHnpoBaHue.

OcHoBHbIe TeopeMbl auddeperimansaoro ucuncienus (Oepma, Poms).

®opmysl JIarpanxka u Komm.

®dopwmyna Telmopa 118 MHOTOWICHA U MPOU3BOJILHON (hyHKITHH.

HccnenoBanne pyHKIMNA ¢ TOMOIIbIO POU3BOIHBIX.

OkcTpemyM (QyHKINU, HAHOOJbIIIEE U HAUMEHBIIIEE 3HAUYCHUE.

HccnenoBanue pyHKIMNA U TOCTpOEHUE TPadUKOB.

HanpaBnenue BOrHYTOCTH KPUBOM M TOUKHM NIEperuoa.

ACHMIITOTBI KPUBOMU.

PackpeiTie Heonpeaen€éHHOCTEN C TOMOIIBIO ITpaBwiia Jlonurars.

@yHKIUSA ABYX NepeMeHHbIX. OCHOBHBIE IOHATHS.

YacTHble NPOU3BOAHBIE U MOJIHBIN AudQepeHnnan GyHKIUN ABYX HE3aBU-
CUMBIX [IEPEMEHHBIX.

[Tpon3BOHBIE CIOKHBIX U HESABHBIX (DYHKLUH.

[TpousBoauble U quddepeHIranbl BEICIINX MOPAIKOB (GYHKIIMHU JBYX Mepe-
MEHHBIX.

HeoOxoaumelii npu3Hak 3kcTpeMyma (yHKUIUHU JBYX HE3aBHUCHMBIX IIepe-
MEHHBIX. Jl0OCTaTOYHBIE YCIIOBUS DKCTPEMYMA.

[IpousBoaHas no HanpasieHuto. ['paguenT GyHKIHH.

Huddepenunan gyru.

KomnuiekcHble yncna u uX TeOMETpUYECKasi HHTEPIIPETALIMS.

NmeeT nmu QyHKIHS y = cosx + chx IKCTPEMYM IpHU 3HaUe€HUU x =07 (Uccne-
A0BAaThb C MIOMOIIBIO IMPOU3BOJHBIX BBICHINX HOprHKOB).

HccnenoBath Ha 3KCTpEMYM (YHKUHMIO JBYX HE3aBUCUMBIX MEPEMEHHBIX
7=x"+(y-1)".

JleficTBUST HaJl KOMILUIEKCHBIMH YHCIIaMH, 3aJaHHBIMH B allre0pandecKon
dbopme.

JleiicTBUs HaJl KOMIUIEKCHBIMM YHCIAMH, 3aJlaHHBIMU B TPUTOHOMETpUYE-
ckoi popme.

N3Bneyb KOpeHb i

U3Beub KOpeHb /2 + 2i~/3 .

50 20
HccnenoBaTh Ha SKCTpeMyM QYHKIHIO Z = Xy + < + N (x>0,y>0).

o 2 2
Haiitii TOYKH yCIOBHOTO 3KCTpeMyMa GpyHKIMK =X+ , eciu ~ 4 % =1.
a

BBoast HOBYIO epeMeHHYI0 X = ¢’ TIpeoOpa3oBaTh 0OBIKHOBEHHOE U de-

pCHIIMAJIBHOC YpaBHCHUE: x’ y"+xy'+ y=0. Vuecrs, uto y; = l’, y;’z = %[Lj}t; u
X X,

t

!

, 1
TO, YTO f, =— .
xt



[TokazatenpHas dhyHKIMg U Hopmymna Dimepa.
OTHOCUTENBHBIE (YCIIOBHBIE) IKCTPEMYMBI.

VccmenoBath Ha 9SKCTpeMyM GyHKmmio I = X +xp+y —4lnx—10Iny
(x>0,y>0).

3amensisi npupanienue GyHkuun auddepeHuaiom, TpuOIMKeHHO BbIUKC-
JUTH /1,02° +1,97° . Vkaszauue. Paccmorpets ¢ynkuuio f (x, y) = x>+ y* u yuects, uTO
f(x0+dx’y0+dy) ~ f(xo’yo) + fx'(xo’yo)dx + fy,(xo’yo)dy-

HpI/IMepLI COACPKATECJIABHOIO OIIUCAHUSA PCINCHUS TUIIOBLIX 3aaa4

1. Haiitu npousBoanyro GyHkuun y(x)=x— ln(2 +e"+24/e™ +e + 1) :

Pewenue. Eciu B pyHKIMIO HECKOJIBKO pa3 BXOJUT OJHO U TO K€ BBIPAXKE-
HUE, TO €CTh CMBICJI BBECTU BCIIOMOIATENIbHYIO NIEPEMEHHYIO, PABHYIO 3TOMY BbI-
paxkeHuto, U AU HepeHIupoBaTh UICXOAHYIO QYHKIHIO KaK CIOXKHYIO QyHKIHIO. B
ATOM cilydae MOBTOPSIIOUIEECS BbIpaKeHUE HaJ0 Oyaer nud@epeHunpoBaTh TOb-
KO OJIUH pas3.

IIycts t = ¢~, Torma Y. = y,-t.. C y4eToM 3aMeHBI MCXOJHAS (DYHKIIHS
IPUMET BU] y(t) = lnt—ln(2+t+2 t2+t+1), CJIEO0BATEIIBHO,

2t+1

yo=1_ Y el (2+t)\/tz+t+1+2(12+t+1)‘—t\/t2+t+1—2t2—t .
t 241+ 2 +1+1 t(2+t+2\/t2+t+l)\/t2+t+1
WE+t+1+1+2 1 ;

= Hy;:t;yt’:

t(2+t+2\/t2+t+1)\/t2+t+1 - NP +e+1

Ve +e* +1

2. HaiiTi aCHMITTOTBI ¥ ITOCTPOMUTH TPaduK QYHKIUU y =+ x* + x .
Pewenue. OyHKiys onpeneiacHa Uil BCEX 3HAYCHUW X, HE MPUHAIICKA-

IUX UHTEPBAILY (—1,0). [IpoBepuM, uMeEIOTCA JU 2

ACUMIITOTHI. VYrioBoit k03P hUIMEHT HAKIOHHON /

aCUMNTOTHl ¥ =ax+b ONpeensieTcss Kak Mpeen OT-

Homenus ¥, T. ¢. 4 = imZ. B ganHoMm cinyyae ¥ =
X X x 2 -1 0 i 2

1
rx P B
= X TlostoMy a=1 npu X—>+®© u \

-2

X X

a=-1 npu Xx—>-0. CBOOOIHBIA YjeH b = lim(y—ax) = lim( x2+x—x) =

X—>+a0 X—>+00



. X ~ ~ . . X
lmoloz—= l, b = lim(y—4 = llm(\/x2+x+x) = lm;z— =
x>+ lx +x+x 2 xX—>—a0 X—>—0© xX—>— lx +x—Xx

X 1

lim = _

X——®© 1 E.
—x, 1+ —x
X

CDYHKHHH IMPUHUMACT ITOJIOKHUTCIIBHBIC 3HAUYCHUA BO BCel 00JlacTu o1pcac-
JIECHUd, 3a HUCKIIFOYEHUEM TOJBKO TOUCK x=-1 U x=0, rae oHa 06pa1uaeTc;1 B

, 2x+1
Hynb. [lepBas nmpousBogHas y (x) = CTPEMHUTCS K MHUHYC OECKOHEYHO-
2Vx" +x

CTH TIpA x = —1—-0 U K TUTFOC OECKOHEYHOCTH TIpH x — +0. BTopast mpousBogHas

1 o
y'(x) = -7 < 0 1S BCeX 3HAUEHWi X, IPUHAIEKAIIMX 00JacTH Ompe-
4(x*+x)?
neneHus: PyHKUUHU, U, CIIEJ0BATENbHO, TpauK (YyHKIIMHA BOTHYT BHU3.

Takum oOpazom, rpaduk uccienryemMort GyHKIUH (PUCYHOK) UMEET JIBE pa3-

JIMYHBIC ACHUMITOTHI IPU CTPEMJICHHHM X K IUIIOC HJIM MHUHYC 6GCKOHG‘1HOCTI/I, a

HUMCHHO: Y=x+% opu X —»+0 u 17=_x_% npu X —» —©,

3. Omnpenenuth  oOnacTe  cymiecTBoBaHUs  (ompeneneHus)  QyHKIUU

xX+y'—x
—

u(x,y)= 2x—-x"—y

Pewenue. O6nactTh cyniecTBOBaHUA (WM JIOMYCTUMBIX 3HAYCHUMN) aHaIIU-
TUYECKU 33JJaHHON (PYHKIIUU — 3TO MHOKECTBO T€X 3HaUYECHUU HE3aBHCHUMOM Tepe-
MEHHOM, /I KOTOPBIX BBIpaKeHHE, 3a7atoiiee GyHKIIUIO0, UMEET CMBICI.

HerpynHo 3amMetuTh, 4TO B JaHHOM ciiydae (DyHKIMS OINpesesieHa, eCiH
MOAKOPEHHOE BBIPAKEHHE HEOTpuUaTelbHO. Clea0BaTEIbHO, UMEEM JIBE CUCTEMBI
HEpPABEHCTB:

(x5 s
- X——| +y 22—,
x’+yt—x20, 1 2 4
2x—-x> -y’ >0, \(x—1)2+y2<1,
, Ortcrona cnenyer, 4To | , , [lepBas cucrema nme-
x"+y" —=x<0, 1 2
" 5 X——|+y ' <—,
i 2x=-x"=-y" <0. J 2 4
(x—1)2+y2>1.

€T pelieHue, BTopas — HeT. Takum 00pa3om, 00JaCThIO
JOIYCTAMBIX 3HAYCHUN HE3aBUCHMBIX NMEPEMECHHBIX X U
Yy SBJISETCS MHOXKECTBO TOYEK, HAXOIALIUXCS MEKIY
JIBYMSI OKPY>KHOCTSIMH, IICHTPbI KOTOPBIX CMEILECHBI BIIpa-

BO IO OCH a0CIIMCC HAa PACCTOSIHUSL UX PAJUYCOB, PaBHBIX

% u 1 cooTBETCTBEHHO. [ paHuiia MEHbIIEN U3 OKPYKHO-

¥ 07 0 08 08

CTell BXOAUT B 00JIacTh ompeneiaeHuss PyHKIUU, a 0O0Jib-



IIEH — HET. CJIGI[yeT TAKKC UCKIIIOYNTH HAYaJI0O KOOPpAMUHAT.

sinz

4. Haiiti ipon3BoaHyto QYHKIMK u=(1g7)" .

Pewenue. 1lonoxum x =tgr, V= sinf. Torna #= X’ u no npasuny mud-

ou
dbepeHIMpPOBaHMs CIOKHON (QYHKIHH du _ Ou dx + 6_ud_y A Tak kak — =X’ 4 ,
dt Oxdt O0ydt ox X
Ou dx 1 dy du sinz
—=x"Inx, —= , =~ =C0St, T0 — =(1gt +cost-Intgt |.
oy dt cos’t’ dt dt ( & ) cost &

5. HpI/IHI/IMaﬂ W 1V 3a HOBBIC HE3aBHCUMBIC IICPECMCHHBIC, Hp€06paBOBaTI> cJIeay-
IOIKUC YpaBHCHUA:

P )
a) xa_z+ 1+y26_z=xy,ecm/1 u=lnx1/1v=ln(y+ 1+J’2)3
Y

X
0z 0z
0) x—+y—=z+4/x2+yz+zz ecmn g Mov=z4 ,x2+y2+z2 _
ox " Oy X
Pewenue. Ilyctb z(x, y) = 7“ . Ilo mpaBwiy auddepeHmpoBanus
o ~ ~ 6z 0~ 0"
CJIOXHBIX (DYHKIIMI UMEEM 6z =0 4 00 "=
Ox Ou Ox ov Ox

oy oudy  ovoy

5 5 1+ 4 -
u v J1+
a) C yueroM Toro, uro 9% =1 = = 9V =0,—=—y—
Ox x Oy Ox oy y+ /1+y2
1 . 6z _ 1o % _ 1 & y
, Halijgem &£ = 22 — = — . IloacraBinss HalieHHBIC TTPOU3BO/I-
1+ y° ox xou 0Oy /1+y2 ov
HbIE B YpaBHCHHE x%+ 1+y° % _ Xy, TIOJTyYUM 0_ ,__ = ée"shv. Beuio ydre-
ox oy ’ 6u+6v .
2y v -y
e’-1 e -e
HO, UTO x=e",a y+41+y* =¢", OTKyna y = w3 shv .
e
= 2 2, 2 Ou 1 Ou y
0) Beenaém obo3naueHue r=+x*+y*+z°. Tak kKak — = =, = _
oy x Ox x?
0z 0z <
il y+z X+7— | A~
ov _ 0z “tis O _ & oy oz _ y o 0z ox 0”
=4 0Ox = “4+—> 10 &L =_LY< + + ,
Ox ox r oy Oy r Ox x* Ou ox r Ov
< y o~ -
oz 18 Yreo o y st &
K22 |8, w0 OTcroza yKe JIETKO HAiTH % __xou_rdv y =
Oy xOu Oy r ov Ox 1= o- oy



1o -

= xOu rov, [Toncrapnsis HaUACHHBIC 3HAYCHUS JJI1 YaCTHBIX MPOU3BOIHBIX oz

v 0~ Ox

0z o & x*+y o
1 - B HCXOJIHOE ypaBHEHHE xa—+ yo, = 74+X"+y 4+, TOIyYuM 4 Pl
y X y r y

2 ~ 2 2 2 ~
v: 0 X +y +v 0 7 2 122
y——— WU XIyIV e V. Tak Kak X'ty = (v—z)z—zz, TO X +) +v =
r Oov r ov

2v(v—z) = 2vr, CI€IOBATEIIbHO, — = 1.
ov 2
6. Mycts u = f(r), rne » = X*+y*+2* U f — OBaKAB AuddepeHupyemas
¢ynkmus. [Tokazats, 4To
Au = F (l’),

0’u 0’u 0’u o
rae Au = — — + — —onepatop Jlannaca, u HaliTh QyHKIUIO F .

0x oy 0z

Pewienue. I1oHATHO, 4TO JIJIs1 OTBETA HA MOCTABJICHHBIN BOMIPOC HEOOXOAUMO

HaWTH YaCTHBIE MPOU3BOJAHBIC BTOPOTO MOpsaKa PYHKIIUU U TIO HE3aBUCUMBIM Iie-
peMeHHBIM X, y u [. Jlng Oonee KpaTKoro M3JIOKEHUs BOCIOIb3yeMcsl 0003Ha-

YEHUSIMU. A UMEHHO, TIPU 3HAYCHUSX MHAEKca i = 1, 2, 3 moJ CUMBOJIOM X; Oy-

JIeM MoJIpa3yMeBaTh: X; =X, X, =), X;=7.

2
Ou or 0u " or o%r
TOF a — = ! —_—, - = r - + ’ )
A ox, s (r)ax,. ox; s ( )[5&) f (r)axf
or 2
2 r_xi A r—ﬁ 2 2
ITockobk ﬁ =% 10 or = ox; = r _r X
y 6xi T, axlz rz ,,.2 r3
0’u W # NG
Utak, ~— = f"(r)=- + f'(r)——*. CnenosarensHo,
Ox; r r
azu 0'u 0'u S 0'u " x2+y2+z2 ' 3r2—x2—y2—z2
Au= 5+ S+ =Y 5=f()—7—+ f(r _
YT oy’ 07’ ;axiz f ( ) e f( ) e

f”(l") + f'(r)%

Taxum o6pasom, feitctutensio Au = F(r),a F(r) = f"(r) + %f’(,»).

7. Jana pyukius u = xyz. Haiitu e€ npou3BoJIHYIO B TOUKE M0(5,1,2) B HaIIpaB-
JICHUH, UAYIIEM OT 3TOM TOYKHU K Touke M (7,—1,3) .
Pewenue. 1lpousBonnas ¢(yHkuuu u(x, y,z) B TOYKE Mo( Xy Vo zo) 1o

HaIpaBJICHUIO l(cos a,cos f3,cos }') omnpeaesieTcs o bopmyne



o 0

an cosﬂ+—u cosy. Tak kak —| =2, Ou =10,
oll,, Ox|y, o, 0z |, ox |y, ay

ou —

&l = 5. Tpoexyu Bektopa MM COOTBETCTBEHHO paBHBI (X — X, ), ( Y=Y)

Z |y,
(z—z), T0 ectb  2,-2.1. HaHpaBJBHOIHI/IMI/I KOCHHyCaMH  OyayT
X-X, 1
cosa = - - - osf=——, cosy= 3 Crnenosa-
\/(x—xﬂ) +(y-n) +(z—z0)
Ou 11
TeNbHO, | == 3HaK MMHYC YKa3bIBa€T Ha TO, YTO B JaHHOM HANpaBJIcHUH
M,

GbyHKIUS yOBIBAET.

/—\
k
='

8. IlokazaTp, 4TO QYyHKIUS 5 = (a U b — MOCTOSIHHBIC) YJIOBJIETBOPSET

1
Zax/;

VPABHEHUIO MeNnIonpPo8OOHOCU
ou ,0u
—=q _2 .
ot ox
) /
Pewenue. 1lpexne yeM HaliTH NPOU3BOJHBIE ¥, U u;'z , BXOJISIIIIAE B UCXO/I-
HOE ypaBHEHUE, JJIsl KPaTKOCTH JaJbHEUIINX BBIKJIAJIOK BBEJIEM 0003HAUEHUS: O
_(xp)
= 2aNT, B = 4a®, TOTHA U = \/_e A Tak xKak dacTHas IPOU3BOIHAS TI0
a

pemenn 2% , @ YaCTHBIC MPOHM3BOIHBIC MO MPO-
ot 2at\/_ ap tzx/_
_2(x-b 0’u
CTPaHCTBEHHOH KoopauHate 2% = ( ) , 5 = |-—2 o+
ox apf t\/_ Ox apit

a Bt

2
4(x-b) | =2 .
u:| e 7', TO, IOACTABIISS HAlJICHHBIC BRIPAKCHHUS JJIS1 IPOU3BOIHBIX B HC-

_(x—b)Z 1
XOJIHOE YpaBHEGHHE W COKpallas Ha COMHOXHTENIb e # | Haimém — Py
at

(x—b)2 _ L + 4az(x—b)2

a Bt a Bt a Bt

, IPOITyCKaA 3JICMCHTAPHBIC IIPOMCKYTOUYHBIC BBIKJIAAKH, ITOJTYYHUM —m
a t

. C yu€Tom TOTO, 4TO & = Za\/;, ap = 4aa’

(x-6) ___ 1 .  (x-b)
8a’z t*\t 4a\/; t\/; 8a’\m tzx/;'

JIOKa3aHo.

Tem cambIM HCXOOHOC MPEAITIOIOKCHUC



Tpemuii cemecmp

3aavu AJI5 CAaMOCTOSITEILHOTO pelleHust

(MGTOI[I/I‘ICCKI/IC YKazaHuA daHbl HHUKE B PA3ACIIC «IIPUMCPBI COACPKATCIBHOI'O
OIIMCaHUs PCHICHUA THUIIOBBIX 3a/la4» ITOCJIC BOIIPOCOB JIA ITOATOTOBKH K 3K3aMC-

HY)

Haiimu neonpeodenennvie unmezpavt

1 -17
1. jj j-x a 2. '[xx—4x+3 ok

e

_[“” dx. 5. [shaxsinbx dx. 6. [xf"(x)dx.

Botuucaumo onpeOeJleHHbte unmezpaiiol

V4 2z
d
1. Ie"cos xdx . 2. I y d —
4 ) sin' x + cos® x
1 w2
4. J' . S I, = Isin"xdx.
01— x +2 1—x2 0

Hccneoosamuv cxooumocmsv psaooe

© sin’ n? > n+l1
1y g,

~ n'n nz2 "(n=1)!

i 4" 5. icosnx cos(n+1)x

n=1 (l’l!)2 n=1 h

Haumu F'(@), ecu

cosa

L F@= [ e dax. 2. F@)= | sinax .
X

sina ata

4. F(a)=j£f(x+a,x—a)dx.

In(1+ ax) dx
x

3. F(o)= :f

_ 2
e " dx .

5. F(a)

Il
Q'—.QN

7. Ilonp3ysiCb OCHOBHBIMH DPa3JIOKECHUSIMHM, HAMMUCATh Pa3JI0KEHUS B CTEIICHHOU

PSiZT OTHOCUTENHHO X CIETYIOMINX (PYHKITHI:

x" 1+ x 1
, Im [——

X 2
, €OS x,l_x l—x’—(l—x)z'




OneHouHble CpeacCTBa IJIf TEKYHICI0 KOHTPOJIA YCIICBACEMOCTH

1-a koumponavnaa mouka. Tembl Ne 11,12. Tlo Tekyuieit paboTe cTy/IeHTa U 3a M0-
cemaemMocTb — 15 6aiioB. [1o HTOroBoMy KOHTPOJIIO 32 MOAYJb — 15 OaoB.
Bcero 30 6anos.

2-1 konmponavnaa mouka. Tembl Ne 13,15. Ilo Tekymiei paboTe cTyieHTa U 3a T0-
cemaemMocTb — 15 6aiioB. [1o HTOroBoMy KOHTPOJIIO 32 MOAYJb — 15 OaoB.
Bcero 30 6anos.

Ix3amen 40 6annos.
HawnGomnbmee kommdecTBo 6amioB 3a cemectp pasHo 100.

BOHpOCBI AJIA IIOATOTOBKH K 9K3aMEHY

[lepBoobOpasnas ¢pynkuus. Tabmauia OCHOBHBIX HHTEIPAIOB.

3

. . x +1

Havitu HeompeneneHHublii HHTErpall I ; dx. Yxaszanue. Boienuts u3 Hempa-
X =-x

X +1

BUJIBHOM pallMOHAIBHOMN Ipo0u —; LEIYIO YacTh.
X —-x

HNHTerpupoBaHne myTeM 3aMeHbI IEPEMEHHOIA.
HNHTerpupoBaHue 1Mo 4acTsM.

Paznoxenue npaBuiIbHBIX ApOoOEil Ha MPOCTHIE POOH.
Onpenenenue psaga u ero cyMMbl. OCHOBHBIE TEOPEMBI.

Haitn F"(x), eci F(x) = I (x+»)f(p)dy.
0

c 2
Hawitu cymmy psamga ———— . Vkazanue. PaccMOTpeTh YaCTHUHYIO CYMM
yMMY P §n2—14n+48 P yio cymmy
k
pana Sk = Z 2; u Haity lim S, , KOTOpBIN U paBeH CyMMe psja.
‘me n°—14n+48 k—w®

[ToncranoBku Ditnepa.
YcioBue cXOQUMOCTH TIOJIOKUTEIBHOTO Pa.

[« 9]
o 2
Beruncnuth I Hanpumep, BOCIIOB30BaThCs TOACTAHOBKON ¢ =V X +1 .
2

dx

Sxvxt+1

HMccnenoBaTh Ha CXOAUMOCTD DS Zln

n=1 n

JJIA AO0CTAaTOYHO MaJIbIX 3HaueHuii X u OJIH U3 MIPU3HAKOB CPAaBHCHUSA CXOOAUMOCTH PAOB.

OrnpeneneHHbIi UHTErpal.

Cymmel J{ap0y.

YcnoBus CyleCTBOBAaHNS MHTETPAJIOB.

TeopeMbl cpaBHEHUS PSAIOB.

3
n
3

+i . Yyects, uro ln(1+x) = O(x)

2

b b
Jloka3aTb HEpABEHCTBO I f(x)dx S(b—a)_[ £ (x)dx, rae f(x) — HENPEPHIB-

b b
Hast QYHKIUS IS x € [a,b] . YKasanue. PaccMoTpeTh jdxj Lf(x)— f(»)dy.

a a



w
BprunciuTth onpenesieHHbld MHTErpal _[ e* cos’ xdx . Ykazanue. Vcrnons30Barh
0

_ 1+cos2x
—
CBoiicTBa ONpeEIeHHBIX HHTErPAJIOB, BBIPAKa€MblE PABEHCTBAMH M HEpa-
BEHCTBAaMH.
[Tpuznaku Kommwm n Jlanambepa cXOOQUMOCTH PSAIOB C MOCTOSSHHBIMM 4JI€HA-

METOJI HHTETPUPOBAHMUS 110 YaCTSIM U Y4eCTbh, 4To Sin2x = 2sinxcosx, cos” x

MHU.

HccnemoBaTh Ha CXOUMOCTD PSIJT %+ iz P 2’; - 1,

WuTerpupoBaHue Mo 4acTsaM U MPABHJIO 3aMECHBI IEPEMEHHOMN B OIpe/IeIeH-
HOM HHTErpae.

YMHOXKEHHE CTEIIEHHBIX PSIOB.

ra
o o 2 cosxdx
Haiitn onpeneneHHbpIl HHTErpaI J' . Ykazanue. JInbo Bocnonb3oBaThCs
v 2+cosx
o o X 3 X . 2 X
YHUBCPCAJIbHOM TIOACTAHOBKOH ¢ = tgz. Wnn YUYCCThb, UYTO co0oSsXx = coSs E—51n —, a

L, X X
sin? —+cos* ==1.
2 2

®
Haittu npoussenenue Zx"Zx" Y 3aIlicaTh pe3yJibTaT B BUAE CTEIEHHOIO
n=0 n=0
pana.
HNuTerpan ¢ nepeMeHHbIM BEPXHUM HPEAEIIOM.
®opmyna Herotona-JlelOnuna.
O61iee ycioBHe CXOAMMOCTU MTPOU3BOJIBHOTO Ps/Ia.
AGcCoIIOTHas! CXOJUMOCTb.

d ¢ d | d
Hatitu: —Isinxzdx, —Isinxzdx, —Isinxzdx .
dx? da’ db+

beckoneunblie mpousBeaeHusi. OCHOBHBIE TeOpeMbl. CBS3b C psAaMHu.
[Tpuznaku Abens u lupuxie cXoauMOCTH PSIOB.

V4
» (—1)" cos—
HccnenoBath CXOOQUMOCTH psifia Z—" , ICTIOJIB3Ysl TIpU3HaK AOers.
n

n=1

x+1

Haiitu HeompeneneHHbli MHTErpan j 2—1dx. Vkaszanne. V3 HenpaBHIBbHOM
x —

. 3x°+1
panroOHaJIbHOU )IpO6I/I 2 1 BBIJICINUTE HEITYIO YaCThb.
x

141 CXOJIUMOCTB P i LI
CCIIeIOBATh HA CXOJJUMOCTD Psi/I :
Sin+s5  n-1
[Mpumensiss mouwieHHoe aU(QEPEHIIUPOBAHUE, BBIYUCIUTL CYMMY psjaa
3 5

X X
1+?+?+... (|x|<1)




[IpumeHsss TOYIEHHOE WHTETPUPOBAHHWE, BBIYUCIUTH CyMMYy psja
x+2x7+3x7 +... (‘x‘<1).

xZ

Beraucinuts F'(x), €CIIA F(x) = J‘ e dy.

X

HpI/IMepr COACPKATECJABHOIO OIMUCAHUSA PCINCHUS TUIIOBLIX 3a1a4

1. [Tyrem Hamnexaiero nmpeodpa3oBaHUs MOJABIHTEIPATHHOTO BBIPAKEHUS HAUTU
xdx

4+ x*

Pewenue. I1lpeobpasyeM MoabIHTErpaTbHOE BBIPAXKEHHUS K BUAY, B KOTOPOM

IHoACTaHOBKA OYCBUAHA U €€ MOKHO BBIIOJIHUTh «MBICIICHHOY
2

UHTETpal _[

1 2
= —arctgx—+C,

Jors __I __I 4"
] (2]

2. TIpuMeHsIs TTOIXOIAIINE HO,Z[CTaHOBKI/I HaﬁTH cnezxy}onme UHTETPAJIbL:
sinxcos’ sin’ X In xdx
a , J‘ dx: B o J‘ : ;
)I( )3 0 1+ cos® x )I,/ ) cos’ )jx\/1+lnx
e) [x*(1-5x7)" ax.

Pewenue. Meton MoiCTaHOBKY (METOJ] 3aMEHBI IEPEMEHHOMN ) 3aKITF0YaCTCs
B caenytrorieM. Eciu moapiHTerpaibHas QyHKIUS f(x) HEMPEPHIBHA, TO MOJATa0T
x=9(t), rae bynxuus ¢)(t) HempepbIBHA BMECTe CO cBoeil mpoussoHoit ¢'(1).
Torma _[f dx = _[f ’(t)dt.

YacTo BMECTO MOJCTAHOBKU X = @ () ymoTpe6isoT 06paTHyO TIOJCTAHOB-
ky t=y(x), yautsiBas, uto df =y’'(x)dx .

YcaoBumcs, 4TO TIpU pElIEHUH HEKOTOPBIX 3a/7ad B KBAJPATHBIX CKOOKaX
OyIyT TPUBOJUTHCS MPOMEKYTOUHBIE BBIKJIAJKH, HE TPEOYIOIIHE OCOOBIX KOM-
MeHTapueB. W ecnu Takasi ckoOKa CTOMT MOCIE WIH Mepe]] 3HAKOM PaBEHCTBA, TO
OHAa OTHOIIICHUS K HEMY HE UMEET.

costdt

a) I—dx _ =[x =sint, T, dx = costdt,l—xzzcoszt:lzf 3
(l_xz)E ) 2 cos ¢t
_ sin(arcsin x) X

+ C = ﬁ + C . Ilepen kBagpaTHbiM

cos’ t cos (arcsin x) 1-x?

KOpPHEM BBIOpaH 3HAK «+», T. K. €08t > 0 ISl yKa3aHHBIX 3HAYCHUN MePEeMEHHOU
t.



sinxcos’
0) I = [t = cos’x, dt = —2cosxsinxdx] = _1prdr -
1+cos’ x 29 1+¢
——Il+t_ ——_[dt - i - _1, + lln(1+t) + C= —Leostx +
1+1¢ 1+1¢ 2 2 2
lln(1+c0s2x) + C.
2
2d dx dx
B)_[xx— = N2-Xx, dt = — , =—2dt,x=2—t2]=
2J2-x" 2-x
4 1 2J2-x
—2[(2-7) ar = —2](4—4t2+t4)dt = —2(4t—§t3+gt5) +C= - =
-(3x2+8x+32) +cC.
« 2 o 2
sin® x dx sin” x 1 dr _ sin” xdx
r dx = | t=t¢ dt = =3 dx , = —
) Icos X [ g g’ Y cos® x cos’ x 3 cos? x cos’ x
2
sin® x + cos® x 2 2 5
12 - 2 = 1g'x+1 = t3+1} = lj[t3+l]dt = l[§t3+t] + C =
cos” x CoS™ Xx 3 315

15 1 .,
—1g’°x t —g’x + C.
5% 3¢

3aMeTuM, YTO U JIPYTYIO MOJICTAHOBKY MOKHO YBHUJETh, €CJIM CHadasa Ipe-
o0pa3oBaTh MOABIHTEPATILHOE BprEDKGHI/Ie, C YY4ETOM TOT0, YTO sin’ x+cos’ x=1 H

e 2 o 2 2
. sin” x sin” x ditgx , sin” x+cos” x
digx = dx__ . JleficTBUTEIBHO, dx = —; — ==tgx—————digx
cos’ x cos® x COS” X coS” x cos” x
s {2 sin’ x
= tg x(tg x+1)dtgx , TI0ATOMY MOXHO B3SITb t=1tgx. lorma I o5’ xdx =

[ (e +1)ae = [(¢+¢)dr = gt +3t +C _ltgx + 5tgx+ + C.

N [ = Jitnx, o = ——— e = o] =

x+/1+1Inx 2J1+Inx x’
_2 _ 2 _2
2f (¢ =1)ar = S1'-2t + C = 5t(t2—3) + €= Al+lnx(inx-2) + C.

In xdx J- tdt

x1+Inx J1+t -
=3 t+1)2 - 2(t+1)2 + C = —\/:(t 2) + C

Eciu BOoCnosp30BaThCsl MOJCTAHOBKOM f#=Inx, TO I

J-tj/_llT_tldt Zj\/t—i—_ldt

= %(lnx—Z)\/lnx+1 + C.

33MCTI/IM, YTO 3Ta IIOCTAHOBKA OUYCBH/HA, €CJIN WCKOMBIHN HHTCI'paI IICPCIIn-
Inxdx J-lnx dlInx

x\/l+lnx \/1+lnx '

caThb B BUJE _[



e) Bocmnoinb3zyemcst mOACTaHOBKOU ¢ = 1-5x%, Torna dt=-10xdx W, clieqoBa-

11—t 1 1 1
TEJBHO, Ix3(1—5x2)10dx — _ﬁ X Adr = _Ejtwdt " %J‘t"dt - _11 sotn

1 1 _ tn( 1 t ) :_tn—(lz_llt) = _M(1+55x2) + C.

1 12 6600 6600

12-50 50

3. [IpumeHsist METOA HHTErPUPOBAHUS IO YACTSIM, HAWTHU CIIEAYIOIINE UHTETPAJIbL:
Inx)’
a) Ix” Inxdx; 0) I[—) dx; B) Ie‘“ cosbhxdx ; T) Isinx-ln(tgx)dx.
X
Pewenue. MeTos1 THTETPUPOBAHMS IO YACTSIM 3aKJIIOYAETCsS B TOM, YTO €C-
JU u U v — HEKoTopble nuddepeHupyemMbie PyHKINN, 3aBUCSIINE OT MEPEMEH-

HOH Xx, TO Iudv=uv—jvdu.

1 1 dx
a "Inxdx = Inxdx"' = xlnx — xm = =
) Ix e n+lj n+1( '[ X )
n+1
e e [T ol P LI C,upu n#-1.
n+1 n+1 n+1 n+1
In xdx 1
IIpu n=-1 I/IMeeM_[ axXe = _[lnxdlnx =—_Inx + C.
X 2
2 2
1 1 Inx 1-1 In® 1
0) J-(_nx] dx :x(_nx) — ZIx—nx ?xdx = X _ 2_[ nzxdx +
X X X X X X

2
Inx o o
ZI(— dx. B IIpaBOX 49aCTH PAaBCHCTBA IIOJYYMJIM TAKOH KC HMHTCIpall, YTO U B
X

1 In x

2
. In 1 In’ 1
JICBOU, IO3TOMY I(—x) dx = 2_[ n2xdx_ n x, HO j nzxdx = —_[lnxd— = ——
X X X X X X
1dx _ Inx 1 o
—— =—- — - — 4+ (C, ¥ OKOHYATEJIbHO HAUAEM
X X X X
J-(lnszd _ 2lnx 2 Iw'x o _ Ix+2lx42
X X X X X
1 1 1
B) je"" coshxdx = —Icosbxde“x = —e“ cosbx + éje”" sinbxdx =—e" cosbhx
a a a a

b¢. w 1, b . . b* ¢ .

+ —zjsmbxde = —e” cosbx + —e"sinbx - —zje coshbxdx .
a a a a

Kak u B npeapinyiem npumepe, cripaBa NoJyddWsId TOT K€ MHTErpall, 4To U

ciena. [lepeHocs ero B JIeBYIO 4acTh M MPHUBOJIA MOJOOHBIE WICHBI, HAHAEM, YTO

acosbx+bsinbx
— e” + C.
a +b

e” cosbxdx =



1

. _ _ 1 _
r) Ismx-ln(tgx)dx——_[ln(tgx)dcosx——cosx-ln(tgx) + _[cosxtg—xcos xdx—
—cosx-ln(tgx) + I = —cosx-ln(tgx) + _[ dx = —cosx-ln(tgx) +
s x 2sin£c0si
2 2
d% d@% .
-[x—zac = —cosx-ln(tgx) + I ~ = —cosx-ln(tgx) + In tg; + C.
1g—cos” — 1g—
2 2 2
Takum oOpazom, _[sinx-ln(tgx)dx=—cosx-ln(tgx) + In tg% + C.

4. [IpuMeHsst TOIXOIAIIYI0 3aMEHY TIEPEeMEHHOM, HAWTHU CIeIYIOIINE HHTETPaJIbI:

a)jxda x'dx; 6)[%& B)mfe—dx

Pewenue. lnorna noacranoBka OYeBUIHA.

. T
a) ChoenaeM MOJACTAaHOBKY x =asin#, CUWTAs, 4TO OStSE' Torma dx =

a 2 4%
. a .
acostdt, \Na'—x* = acost U Ixleaz—xzdx = a"jsmztcosztdt = TJ‘Slnztht =
0 0 0
T
42 4
a Ta
—I(l—c0s4t)dt ==—,
84 16

6) IToacTaHOBKA ¢ =arcsiny/x Cpa3y IPUBOTHUT K TPeOYeMOMY pe3ymbTaTy, T

n

1 1 dx arcsin~/x
K. dt = ——dx = —=——=, 1, CIICJIOBATECJILHO, = 2|tdt =
1-x 24Jx Zﬂfx(l—x) J‘«/ 1- x '([

r
T

B) HeTpynHo yBUAETh, UTO MPUMEHNMA MOJICTAHOBKA £ =+/e* — 1, TOCKOJIKY
Ydx 2¢%dt P +1-1
dt = —==_ aJe—1dx = 5= =21 "4 = 2 1-
2\e* -1 t"+1 t"+1
TEJIbHO, WCKOMBIH HMHTETpaj TMPUBOAUTCSI K JIETKO OepylieMmycs WHTerpany, a

dt, 1, CIIeq0oBa-
t’+1

In2
1 V4
UMEHHO I e’ — dx—ZI( jdt=2—2arctgt|0=2—5.

1
t*+1
5. UccnenoBaTh HA CXOUMOCTD PSJIBL:

a) ism n\/_ )Zl+s1nn ilnnz+5; r) in(e’l'—l] .

n=1 n(l’l + 2) n=1 n-+ 4 n=1




Pewenue. 113 nMmerommxcsi Tpu3HAKOB CXOJAMMOCTH 3HAKOIOCTOSIHHBIX Psi-
JIOB JIOBOJILHO YacTO OKa3bIBaeTcs A(MPEKTUBHBIM NMPHU3HAK CPABHEHMS: €CJIU 00-

o 1
WU YJICH psaaa a, = O(n—p) , TOIpHA p>1 psAad CXOAUTCS, a IPpHA p <1 PaCXOIMUTCH.

o 2
sin n\/; < 1

ndn = ndn

CpaBHCHHA 3aKII0OYacM, 4TO IIaHHLIﬁ pAad CXOAUTCA.

o 1
a) OOyl wieH paga a, = = — . C yderoMm npu3HaKa
2

n

0) OOuwmii wieH panga a, = L+sinn 2 < iz =0 lz
n(n+2) n(n+2) n

. CormacHo
n
MIPU3HAKY CPAaBHECHUS UCCIICTYEMBIN P CXOIUTCS.

n’+5 1 1
B) OOmmii uigeH psgga a = In = In| 1+ = 0|—|, T. K.
) H pAA " n’+4 n*+4 n’
ln(1+a)=a+0(a2) npu a — 0. Ciie1oBaTeNnbHO, PSJI CXOIUTCS.
L 1 1) Y
r) OOmuii wieH psga an=n[e”—1] = n(1+—+0(—2]—1] =
n n

2
n(l+ 0(%)] = n[iz+0(i3)) = 1+0(i2] = 0(1). C yuérom npu3HakKa cpas-
n n n n n n n

HEHUS HETPYAHO 3aMETUTh, YTO PsAA PacXOAUTCA. BBUIO ydTE€HO, 4YTO e* =
1+a+0(a2) TIPU JOCTaTOYHO MabIX @ (a—»0).

K »sTroMy ke BbIBOAY MOXHO NpUUTH U mo-apyromy. Haliném mnpenen

n—o0

. 1
hm[an :—j u yoenuMmcs B TOM, YTO OH KOHEYEH W HE paBeH HYJI0, a 3TO U OyJeT
n

_ 1
O3HayarThp, 4TO a, = O| — |.
n

. 1 . . . .

Urak, hm(an :—) = llm[n[e" —lﬂ . BocnosibzyeMcsi HOBOM NEpEMEHHOM ¢
n—o n n—o

1 1

= e" -1, KOTOpasi CTPEMHUTCS K HYJIIO IPH n—> oo . Tak KaK e” =1+¢, TO 1=1n(1+t),
n
2

2
1 ..
a lim[a :1] = lim{;} = lim| ——— | = 1, ¢ yuérom BTOpOro 3ameua-
ol " op t—>0 ln(1+t) t—>0 -

ln(1+t)t

1
TEJIBHOTO TIPEe/eIia (lim(l +1) = e] :
t—>0

6. Havitu cymmy psina w—.
YMMY P ;n2—14n+48



Pewenue. PaccMOTpUM UYaCTUYHYIO CYMMY HCKOMOIO psaga S, =
< 2

FERTITIwTS C momoIpio MeToJIa HeompeaeTEHHBIX KOI(PHUIIMEHTOB MOYKHO
=k’ —14k +
k=9

2 2
MIPEACTaBUTh APOOH = B BHJIC PAa3HOCTH OB o0eH,
P APOOE T 4k +a8 (k-8)(k-6) el YR AP
2 1 1
T. €. — = — . CnenoBatenbHO, YaCTUYHASI CyMMa MPEACTaBH-
k”—14k +48 k-8 k-6
1 51

MaBBHIC S, = ) —— — ) ——.
;k_s k=9k_6

HanomHMM, 4TO €ClM MHAEKC CyMMHMPOBAHHUS YBEIWYUThH (YMEHBIINUTH) Ha
HEKOTOPOE YMCIIO, a MPEAESbl CYMMUPOBAaHUSI YMEHBIINTD (YBEJIUYHUTH) HA TO K€
YKCJIO, TO CyMMa OT 3TOTO HE U3MEHUTCS.

B nepBoi cymme MHIAEKC CYMMHUPOBAHUs HA €IMHUILY YBEJIWYHUM, & BO BTO-
poil — ymeHbmIMM. COOTBETCTBEHHO NPEAEIBI CYMMHUPOBAaHHS B IIEPBOM CyMMeE
JIOJKHBI OBITh HAa €IMHUIY YMEHBILIEHBI, @ BO BTOPOIl — yBenuueHbl. C yuyéTom u3-

n—1 1
JIOKEHHOTO YaCTUYHYIO CYMMY psZla MOXKHO II€pelucaTrh B BUAC S, = 7
k=8 " —
n+1
Z—. HpI/IBGIICM 00e CYMMBI K OJMHAKOBBIM IIPpCACIIaM CYMMHUPOBAHUA. I[JIH

im0 k —
9TOT'0 U3 1101 3HaKa HepBOI;'I CYMMBI «BBIHCCEM)) IICPBOC U BTOPOC CJIAraCMbIC, 4 U3
II0J] 3HaKa BTOpOfI CYMMBI — IIPCAITIOCIICAHCC U ITOCIICIHCC.

1 n—1 n—1 1 3
I/ITaK,Sn=1+—+Zl —Zl - - == -
2 k=10k_7 k=10k_7 I’l—7 l’l—6 2

. Tak KaKk 10 OIpelerIeHUI0O CyMMa psAJla paBHA IIPeIely €ro YaCTUYHON CyM-
n —

MBI, TO § =lim §, =%

n—»©

Yemeépmolit cemecmp

3agaum IS CAMOCTOSAATEILHOTO pPelleHust
(MeToAMYEeCKUE YKa3aHUsl JaHbl HUXKE B pazfielie «IIPUMEPhl COJEPKATEIHLHOTO
OMMCAHUS PEIICHUs TUIOBBIX 3aJ1au» MOCJIe BOMPOCOB JJIsl MOJTOTOBKU K dK3ame-

HY)

Yo6eousuuco, umo noovinmezpanvnoe evipasricenue A6aaemca nOJaAHbIM Oudhge-
PEeHUUANoOM, 6LINUCTUMb KPUBOTUHECIIHbIE UHMEZPATlbl

(2,3) (3,-4) (2,3)
1. dey+ ydx . 2. dex+ ydy . 3. I(x+y)dy+(x—y)dx.
(-1,2) (0,1) (0,1)
(1,1) (3,0)
4. I(x—y)(dx—dy). 5. I(x" +4xy*)dx + (6x*y* —5y*)dy .

1,-1) (=2,-1)



(a,b)
6. Ie"(cosydx —sinydy).

(0,0)

a0
Hccnedosams cxo0umocms paooe Y u, co cnedylouiumu o0uumu Yienamu

n=1

1
n (n+)z . 2
4 1
1. u, = I;/—dx 2. u, = I S X dx . 3. u, = _.
0 1 FX 2 I"\/1+x4dx
0
T . 2
e 3 n+1 Zln k
4. u, =jM 5. u,= Ie'&dx. 6. u, =+ .
y 1+x 4 n®

Ilpumensasa gpopmyny I'puna, évtuuciums KpueonuHeiHvle UHMESPATIbL

L. §xy2dy— x’ydx,tne C — OKpYXHOCTb x’+y’=a’.
C

2 2

2. §(x+y)dx—(x—y)dy,rzle C — DJUIAIC x—2+y—=1.
a
C

b2
3. f e* [(1 —cosy)dx—(y—sin y)dy], rie C — mnpoOeraeMplii B IMOJOXKHUTEIHHOM
C

HAIPaBIECHUU KOHTYD, OTPaHUYMBAIOIINI 001acTh 0< x < 77, 0 < y <sinx.
2 2
4. §e'(" ) (cos2xydx+sin2xydy).
x2+y2=R2

S. Haiitn 3HaYeHWEe UHTETpaIa f [xcos(n, x)+ ycos(n, y)]ds, rae C — mpocras 3a-
C

MKHYTasi KpyBasi, OrpaHUYMBAIONIAsi KOHEUHYIO 00JIacTh S, U n — BHEIIHSS HOP-
MaJib K HEW.
xdy— ydx

6. BrpruncinuTh UHTETpan f Tyt rae C — NpPOCTOM 3aMKHYTBIM KOHTYp, HE

X
C
MPOXOJSIINNA Yepe3 Hayallo KOOPAMHAT M HE OKPYKaloUMi ero, mpoberaemsiii B
MTOJIOKATEIIBHOM HAIPABJICHUU.

Buvtuucnume 0soitnvie unmezpanut
1. H(x+ y)dxdy, T]Ie 00J1acTh Q OTrpaHWYCHA KPUBOH x” +y* =x+ .

2 _[ I 1/1 —-— = —dxdy , TJIe 00J1aCTh Q OTpaHHYCHA DILTUTICOM —+ ;‘: ;=1
a

”(|x|+|y|)dxdy 4. ”(x + y*)dxdy . 5. ”,/y X ‘dxdy

|+ yI=1 i |x|<1
0<y<2

5
6. _[ I xydxdy , T1Ie 0071aCTh Q OrpaHuYeHa KpUBBIMH xy=1, x+y= 3
Q



Beooa o006006wennvie nonapuvie Koopounamwsl r U @ ho opmynam
x=arcos” @, y=brsin®¢p (r=0), Hallmu nIOWAOU, OZDAHUYEHHbIE 3A0AHHBIMU
Kpugwvimu (napamempuvl CHUmMAaromcsa noa0Hcume1bHolMu)

1. (2+y)) =2a2(x = p?); xP+pizat., 2. X Y XV,
( yo) ( Yo)s y PR

3. X +y)Y =x*+y’ x20,y20. 4. (x*+y*)’ =a(x’-3x).
3 3 2 2 4 2 2

5 24X =X 4V xv=o0,y=0. 6. [Z+2] =2 +2; (x>0,p>0).
a b K 'y a b n oK ( y>0)

Haiimu o6vembl men, ozpanuyennvle YKA3AHHLIMU NOBEPXHOCmMAMU (napa-

mempol npednonazarom CA noJioxycum eﬂbelMll)
2 2 2 2 2 2

1. x_+y_+z_:1 x_+y_:z_ z2>0).
a* b T at b ( )
2 2 2 2

2
X Z X
Y X, Y 1.

= i+ = 3. Z2=xy, xX*+y*=ad’.

a> b* ¢ a® b

2

4., z=x+y, (x2+y2)2=2xy, z=0 (x>0,y>0).
5. z=x"+y*, xX*+y’=x, x*+y*=2x, z=0.
6

2 2
cz=e ) =0, x*+y’ =R

Bovtuucnumo mpoiinsie unmezpainot
1. _[ _[ _[ xy’zdxdydz, Tiie TpaHuIia 001acTH V 3ajaHa ypaBHECHUSIMHU
V

z=xp,y=x,x=1,2=0.
2. _[ j xyzdxdydz , TIe 00J1acTh V' OrpaHUYEHA MOBEPXHOCTIAMHU
V

X+’ +22=1,x=0,y=0,z=0.
3. ”_[ \x* + y*dxdydz , Tie 001acTh V' orpaHUYeHA MOBEPXHOCTIAMHU
V

xX*+y'=7%z=1.
4. ”_[\/ x* + y* + 7% dxdydz , TIe TpaHHIIA 00acTH V' 3aaHa ypaBHECHUEM
Vv

X +y +t=z.

1 V1-x? y2-xT-)?
5. jdx j dy [z%dz.
0

0 JE

2 2 2 2 2 2
I . _ I .
6. I_!I\/l— e Czdxdydz, rJe V' — BHYTPEHHOCTb 3JIIMIICA e + e + e <1.

Pa3znosrcums 6 psao @ypve 6 yKa3auHvlX UHMEPEANAX PyHKUuU



A, ecrul< x<lI;
1. f(x)= rge A — IOCTOsIHHAasA, B UHTEpBajie (0,2/).
0, ecrul<x<2l,

ax, ecau—mw<x<0;
2. f(x)= rac a,b — NOCTOSIHHBIC, B UHTCPBAJIC (—7,7)
b ’
bx, ecmul< x<,

3. f(x)=n"-x’ B HHTEpBAIC (—7,7).
4. f(x)=xsinx B UHTEpBAIE (-7, 7).
5. f(x)=xcosx B UHTEPBAJIC (—%,%) .
6. f(x)=shax B UHTEPBAIE (—7,7).

Ol_leHO‘leIe CpeacTBa IJIA TEKYLIET0 KOHTPOJISA YCIIEBAEMOCTH

1-a_koumponvnaa mouka. Tembl Ne 16-18. Ilo Tekymel paboTe cTyneHTa U 3a
nocemnaeMocts — 15 6amios. [1o UTOroBOMy KOHTPOJIIO 32 MOJIYJIb — 15 Gaios.
Bcero 30 6annos.

2-a_xonmpoavnaa_mouxka. Tembl No 19-21. Ilo tekymeir paboTe cryAeHTa U 3a
nocemnaeMocts — 15 6amioB. [1o UTOroBoMy KOHTPOJIIO 32 MOJYJIb — 15 Gaios.
Bcero 30 6anos.

Ix3amen 40 6annos.
Haunbomnbiee koauyecTBo 6amioB 3a ceMectp paBHo 100.

BOHpOCbI AJIA IMIOJATOTOBKH K IK3aMEHY

Omnpenenenre paBHOMEPHON CXOAMMOCTH (DYHKIIMOHAIBHOM MOCIea0Ba-
TEJTHLHOCTH K TIPEICTbHON (PYHKITUU U YCIIOBHUE PABHOMEPHON CXOIUMOCTH.

IIpr3HaKu paBHOMEPHON CXOJIUMOCTH PSAJIOB.

O yYHKIMOHAIBHBIE CBOMCTBA CYMMBI PSa.

[TouneHHsbIN IEPEXO K MPEACITY.

[TousleHHOE MHTETPUPOBAHUE PSJIOB.

[Tounennoe auddepeHipoBaHue psaoB.

WNurterpupoBanue u auddepeHmpoBaHie CTEIIEHHOTO pAJia.

Panuyc u 06:1acTh CXOAMMOCTH CTETIEHHOTO Psifia.

Omnpenenenre UHTETPaIOB ¢ OECKOHEUYHBIMU TIpeieiaMu. AHAJIOTUSI C psia-
MHU.

CxomMMocTh HECOOCTBEHHOTO MHTErpasia (¢ OECKOHEUHBIMH TpejesiaMu) B
o01iem ciayyae.

Ucnionp3yss mnpusHak [upuxie, wuccineaoBaTh CXOJIUMOCTh HHTETpaja

ac

Icosax
1+x

dx (n>0,a+0).

n
a

OnpeneneHrne HeCOOCTBEHHBIX MHTEIPAJIOB OT HEOTPAHUUYEHHBIX (QYHKIIHUM.
1

dx

e

Boruncnuth HECOOCTBEHHBIN HHTETPajl j Tl
xXin x

0



['maBHBIC 3HAUYCHUS HECOOCTBEHHBIX MHTETPAJIOB.
a
o Inl+ax
Hailitn F'(e), eciu F(a) = I ¥dx
0

HpCﬂCHLHLIﬁ MIepexoa 1101 3HaKOM HECOOCTBECHHOTO HHTCI'paJla.
I'naBHBIC 3HaUYCHHS HECOOCTBEHHBIX HHTCI'PAJIOB.

Haiitu V.p. I arctgxdx .

[eo]
2
Berunciuth j x’e™* dx . Hanpumep, BHeCTH X TIOJ 3HAK judepeHiyana 1 BOCIolb-
30BaThCS MOJICTAHOBKOH £ =

dx
Beruncnuth I \/— Hanpumep, BOCIOJIb30BaThCs MOACTAHOBKON £ =+/x" —1 .

1
Beruuciantb I dx
11— x?+2V1— 7

Hampumep, BOCHIOIB30BaThCS  MOJCTAaHOBKOU

. T
X =sint u y4ecrs, 4TO OStSE.

1 2
3x"+2
Brrancnuts j —z/dx
Sox’3
1+x
1+x°

sdx .

Beruncauts V. p. I

WuTerpansl, 3aBUCSIINME OT ITapameTpa.
3anada 00 o0béMe. JIByKpaTHBIN UHTErpal.
Haiitu 00BEéM Tena, OrpaHUYEHHOTO MOBEPXHOCTIMHU: x+y+z=1,
x+y+z=1,x=0, y=0.
B nBoiiHOM uHTErpase I I f(x,y)dxdy pacCTaBUThb IIPEAENBI HHTETPUPOBAHUS
Q

B TOM H APYroM HOpsakKe, eciu Q — Tpamneuus ¢ BeplnHaMu: 0(0,0), A(1,0),
B1,2), C(0,1).

3amMeHa MepEMEHHBIX B IBOMHOM MHTETrpAJIe.

Ilepexoass X TMONAPHBIM KOOpPAMHATAM 3aMEHHUTHh JIBOMHOW HMHTErpall

H & )dxdy OIHOKPATHBIM.

x +y <x

Brruncnenne 1BOMHOrO MHTErpaja B IEKaApTOBOU CUCTEME KOOPAUHAT.

BrrunciieHre TpOMHBIX MHTETPAIOB (NPUBEAEHUE K TIOBTOPHOMY HHTErpaily B Je-
KapTOBOﬁ CHUCTEMC KOOleI/IHaT).

OneMeHT o0BEéMa B KPUBOJIMHEHHBIX KoopawHaTax. llunmuuapuueckwe u
chepruuecKue KOOPAHMHATHI.

Brrancintbk 00b€M TENIa V= _[ _[ _[ dv, e Q — obnacTh Tena, OTPAaHUYCHHOTO
Q

MOBEPXHOCTAMU: z=3—x—y, x’+y>=1, z=0. VYkazauue. Hanpumep, H dv =
Q



I I I dxdyd; = I I dxdyZZ(ji,y)dz, rie o,, — NPOCKUMs Tena Ha INIOCKOCTh OXxy, a I, (x, y) U
Q

Oy 7 (x,p)
3, (x, y) — IMOBEPXHOCTH, ONPEACTIAOINIUE, COOTBETCTBEHHO, TOUKHU BXOJa M BbIXOJA IIPpU q)HK‘

CUPOBAHHBIX 3HAYCHUAX X U Y.

Beruucioute unrerpan I = _[ I I zdxdydz , T]Ie TENO V' OrpaHUYE€HO KOHUYECKOU
V

2
2 h 2 2
IOBCPXHOCTBIO z =—R2 (x“+y°) U IUIOCKOCTBIO z=h. Yka3anue. Bocnonb3oBarbes

UWIMHAPUYECKON CUCTEMON KOOpIUHAT.

CDOpMyJIa OCTpOFpa):[CKOFO (CBSI3b MEXAY TPEXKPATHBIM MHTETPAJIOM MO 00BEMY U
MHTETPajoM 110 OBEPXHOCTH, OTPAHUYHUBAIOLIEH ITOT 00BEM).

C nomotpto popmyiibl OcTporpazcKoro BIUYUCIUTH OBEPXHOCTHBIA UHTE-

rpai Hx’dydz+y2dzdx+ Z’dxdy, TIIe S — BHCIIHAS CTOPOHA TpaHMIBI KyOa:
S
0<x<a, 0<y<a, 0<z<a. VYxkazaue. Y4yecTs, IH op 6Q dv =
ax oy 6z
j j Pdydz + Qdzdx + Rdxdy .
S
o'p 0’9 0’9
[TpouHTErpupOBaTh MO YACTAM m ) +——+ dV , rie KOHCYHBIM
v ox* oy o7

o0beM V¥ oOrpaHudeH MOBEPXHOCTHIO S . Vkaszanue. YdecTh, 4TO Hj(z)g—de =
X
V

op
cos(n,x;)ds — —dV ,rne x, = X, y Wid 7.
J;I 124 ( ) Jﬂ 14 o, i y
Haitu nnomane S = j j dS ydJacTKa IIOBEPXHOCTH, BbIPE3aEMOI0 LIMIUHAPOM

x*+y*=R* (x>0,y>0) U3 rUNepOOINYECKOr0 Mapaboaouaa z= xy. YKasaHue.
DJeMEeHT IUIOIIA N NOBEPXHOCTH dS CBs3aH C 3JIeMEHTOM Iulomann do =dxdy npoekuuu ya-

CTH KPUBOM NMOBEPXHOCTH Ha IUIOCKOCTh OX) COOTHOLIEHUEM dS = 1+(2l] [Zf) dxdy ,
X Ad

€CJIM YPaBHCHHUE IMOBEPXHOCTH UMECT BUI T = f(x, y) .

Bpruncauts Iﬂ xyzdxdydz, Tie o0beM V — OrpaHUYEeH IMOBEPXHOCTSIMM:
Vv

xX*+y*+72=1, x=0,y=0,z=0 ¥ pacrojoXeH B ICPBOM OKTaHTE. Ykazauue. Boc-
MI0JIb30BAThCS CPEPUUECKOM CHCTEMOM KOOPAMHAT.
Halitu 00BEM Tena, OTrPaHUYCHHOTO TIOBEPXHOCTSAMHU: x*+ )y’ +7° =27,

x’ +y* =z*. Ykazanue. Bocrnosip30BaThes UIMHAPUYECKOM CHCTEMOM KOOPIHHAT.
[lepexonda K UWIMHAPUYECKUM KOOPAWMHATAM, BBIYHACIUTD HHTETPAI
I I (x* + y*)dxdydz, Tie o0nacTh V — orpaHudeHa MOBEPXHOCTAMHU: x’+ y° =2z,
4

7=2.



BeruncnuTh miomans NOBEPXHOCTH x> + y® +z° =a?, BBIPE3aHHON ILIMIUH-
y s

apoM x> +y? < R* (R<a). Ykazauue. DJIeMEHT IUIONIAN TIOBEPXHOCTH dS CBsA3aH C dJie-
MEHTOM oA i do = dxdy TpoeKIuu 4acTH KPUBOW IMOBEPXHOCTH Ha IUIOCKOCTb OXy COOT-

2 2
HOLIeHUEM dS = 1+(Zl] +[gl] dxdy, ecnu ypaBHEHHME IIOBEPXHOCTM MMEET BHJ
X Ad

z=f(x,y).

Beraucimte 006EM Tenma V= I _[ _[ dv, e Q — objacTh Tena, OTPAaHUYCHHOTO
Q

MOBEPXHOCTAMU: z=3—-x—y, x’+y* =1, z=0.

BbluuciuTh MOBEPXHOCTHBIA HHTErpall ”de, rie § — 4Yactb cdepsl
S

x* +y? +z7’ = R?, nexainas B epBoM oktante (x=0,y>0,z>0). Vkasanue. Dement

IUTOIIA Y TIOBEPXHOCTH dS CBsA3aH C 3JIEMEHTOM IUIOUIA N MPOEKIMH Ha INIOCKOCTh OX)y COOT-

2 2
HOLIeHueM dS = 1+(Zl] +[gl] dxdy, ecnu ypaBHEHHME IIOBEPXHOCTHM HMMEET BHJ
X Ad

i=f (x, y) .
Onpenenenne KPUBOJIMHENHOTO UHTETPaja IMEpBOro poja.
Beranciauth Iyzdl , rne C — KpuBass x=a(t—sinz), y=a(l—cost), 0<¢t<2rx.
C

Ykasanue. BocrnionbsoBatbest Tem, uto dl = (| x'* + y" dt

Onpez[eneHHe KpHBOJIHHGﬁHOFO HHTCI'pajia BTOPOIro poaa.
2 2

Beruncnuth _[ (x+ y)dx+(x—y)dy, tne C — DBIUINAIIC x—2+ Z—z =1, npoberae-
a
C

MBI IPOTUB YaCOBOM CTPEJKHU. Ykazanue. Bocronbs3oBarbest Gpopmyinoit ['puna wiu napa-
METPUYECKUM 33/IaHUEM JJUTUICa X =acos?, y=bhsint, 0<¢<27x.

CBs13b MEXKy KPUBOJMHEUHBIMA UHTETPAJIAMH MIEPBOTO U BTOPOTO PO/IA.

Beruuciants I (x+y )df_(f_ y)dy
* x’+y

, e C — OKPYXHOCTh x’+ y* =a’, TIpo-

Oeraemasi MPOTHUB YaCOBOM CTPEJIKU. Ykaszanue. Bocmosb30BaThes MapaMeTPHUECKUM 3a-
JTaHUEM OKPY>KHOCTU X =acost, y=asint, 0<¢t<2x.

Brruncnenne KpuBOJIMHENHBIX MHTETPAJIOB MEPBOTO U BTOPOTO poAa, KOraa
ypaBHEHUE KPUBOH 33J]aHO B MapaMeTpuyeckoi opme.

Bpruncauts I ydx+ xdy, Tie C — 4e€TBEPTh OKPYKHOCTH x = Rcost, y = Rsint
C

oT t=0 110 t=%.

Brruncnenne KpuBOJIMHEMHOTO MHTETPaAlIa BTOPOrO poOJia B CiIydae IIOCKOU

KPUBOW, 3aJaHHOU SIBHBIM YPABHEHUEM.
,n
BprunciauTh KpUBOJIMHENHBIA HHTETPAIL _[ 2xydx + x’dy BIOIb JUHUIA:
0,0)

a) y=x;0) y=x*;B) y =x;1) ) = x.



[omanb 1 KpUBOITMHEWHBIN UHTETPAIL.
Jloka3arp, 4TO BEIMYMHA WHTETPAIIA I(ny— y)dx + x*dy, e C — 3aMKHY-
C

TBII KOHTYP, BEIPaXKAET IUIOMAab 001aCTH, OTPAHUYEHHOM STUM KOHTYPOM. Ykaza-
Hue. Bocrionb3oBarbest popmymnoii ['puna.
OmnpeienieHre KPUBOIMHEWNHOTO HHTErPajia epBoro u BTOPOro poja.
®opmyna ['prHa (cBsA3b MeX /Ly HHTETPAIOM M0 IIIOCKON 00JNACTH M HHTETPAIIOM 110 €€
TpaHUIE).

Beruucnute mHTETpaN _[ x’dx+ xydy: a) BIOJIb NPSAMOJUHEHHOIO OTpe3Ka,
AB

UAYIIETO W3 TOYKH (1,0) B TOYKy (0,1); ©0) BOOJb YETBEPTH OKPYKHOCTU
T
X = cost, y =sint (OStSE).

C nomoripto hopmyiibl ['prHA BEIYUCIUTH j (xy+x+ y)x+(xy+x—y)dy, T1€

c
2 2

. 4 . 2 2
C: a) smIc a_2+b_2 =1; 0) OKpYX HOCTb x’ + y* = ax. IHTerpupoBaHue BeAET-

Cs B ITIOJIOKUTCIbHOM HaAIIPpaBJICHUH.

®opmyna CTOKCA (CBA3b KPUBOJIMHEHHOTO MHTErPAIa 10 KOHTYPY MOBEPXHOCTH C UH-
TErpajgoM Mo CaMOU MOBEPXHOCTH).

Wurerpan _[ (V? +2)dx+ (x* + 27)dy+ (x* + y*)dz , B3ATHII 110 HEKOTOPOMY 3a-
C

MKHYTOMY KOHTYpY, Ipeo0pa3oBaTh ¢ NOMOIIbIO popMyiibl CTOKCa B MHTErpai Mo
ITOBEPXHOCTH, «HATAHYTON» HA ITOT KOHTYP. YKasaHue. Y4ecTb, 4TO _[de+ Ody + Rdz
C

dydz dzdx dxdy

= I I i i — |, rie koHTyp C OrpaHWYMBaeT HE3aMKHYTYIO TIOBEPXHOCTH 1S .
|l o0x Oy Oz
P O R

Haittn mmomane snnurica x =acost, y=asint (0<¢<2z) C HIOMOUIBIO KpHU-
BOJIMHEMHOTO HWHTErpayia. VYkazauue. Hampumep, BOCIONB30BaThCs (GopMmynoid S =

1
2 I xdy— ydx ,tne C — KOHTYp, OrpaHHMUYUBAIOIINN YKa3aHHYIO 00J1acTh.
C

He3aBucumocThb KpHBOHHHCﬁHOFO HHTCTpaJIa OT ITYTHU Ha IIJIOCKOCTH.

YO6enuTbcsi B TOM, 4TO UHTETPajl I f(xy)(ydx + xdy), B3ATbIH TIO0 3aAMKHYTOMY
C

KOHTYPY, PaBEH HYJIIO HE3aBUCHUMO OT BHAA (PYHKIUU f , BXOJSAIICH B IMOJBIHTE-
IpajbHOC BBIPAXKCHUE.
C nomomisio dopmynsl ['puHa mpeoOpa3oBaTh KPUBOJIMHEWHBIA HHTETPA

1= I VxXP+ yldx+ y(xy+ In(x ++x*>+y’ ))dy. Vkazanue. Bocmomb3oBaThcsl TeM, 4UTO
C



(x.»)
[IpaBuio HaxOXIEHHS IepBOOOPasHoi U(x,y) = I P(x,y)dx+Q(x,y)dy

(xo’.Vo)

+ C TOABIHTErpalbHOIO BBIPAXKEHUS Pdx+ Qdy, SABISAIOLIErOCs MOJHBIM U de-

oU
pEeHIIMAJIOM. Yka3zaHue. Y4ecTb, 4YTO P = P(x, y), 6a_U = Q(x, y) Y IIPOMHTErPUPOBATH 110
X Ad

CTOpOHaM IIPAMOYTOJIbHUKA, BEpHIMHAMH KOTOPOI'O ABJIAOTCA TOYKH (xo,yo) u (x, y) . CTOpO-

HBbI [TPAMOYTOJIbHUKA ITapaJlJICJIbHbI KOOPAWNHATHBIM OCSIM.
®opmyna CTokca.
Havitu ¢yHkmuio mo npanHomy e€ mnomHomMy auddepeHmany du =

2
(x+2y)dx + ydy . Ykazanue. YuecTb, 4To du = a—dx+a—udy [Hanee, Harpumep, u(x, y) =

(x+ y) ox oy

ou .
I a—dx + ¢( y), rae (o( y) — npowusBoibHas auddepeniupyemMas GyHkuus. [1oaydeHHbIH
X
«pe3yabTaT» HaAo MpoAudQepeHIPOBaTh MO MEPEMEHHONH y W MPUPABHATH K MPOU3BOIHOU

ou . o o
6_ , UTO IIO3BOJIUT HAUTHU (1)YHKIII/IIO ¢)(y) C TOYHOCTH O0 HpOI/I3BOJ'IBHOI/I ITIOCTOAHHOU C .
y

[Ipumensas ¢opmyny ['puHa, BBIYHCIUTL KPUBOJWHEWHBIM HHTETpal
_[xy’dy— x’ydx, e C — OKpYKHOCTh x* + y* =a’
C

HezaBucumocTth KpPIBOJ'IHHGfIHOI‘O HHTCI'paJia OT IIYTHU HA IINIOCKOCTH.

[Ipumensas ¢opmyny ['puHa, BBIYHCIWTL KPUBOJWHEWHBIM HHTETpal
2 2

I(x+y)dx —(x—y)y, tae C — DIIUIC x—2+Z—2 =1. Vkasanue. VYdyecTh, 4YTO
a
C
dex+Qdy = H(a—Q—a—P]ds.
ox 0oy

' xdx + ydy
BprauciauTh KpUBOJIMHEWHBIN HHTETPAI I ~———= (HayaJo KOOpJAHHAT HE
x> +y?
G4

JICKUT HA KOHTYPE MHTETPUPOBAHUS). YKasanue. YOEIUTHCS B TOM, UTO TIOABIHTEIPAITb-
HOE€ BbIpa)KEHUE SBJISETCS MOIHBIM AuddepenunanoM. U, nubo, HailTu nepBoobpasHyto, 11b0,
IPOMHTErPUPOBATh O CTOPOHAM MPSIMOYTOJbHUKA, BEPIIMHAMU KOTOPOTO SBISIOTCS TOYKU

(3,4) " (5,12). CTOpOHBI MPSIMOYTOJIbHUKA MapaljiebHbl KOOPAUHATHBIM OCSIM.

(P)

xdx + ydy

(P) \/x2+y2

PACIIOJI0KEHBI HA KOHLEHTPUUYECKUX OKPYKHOCTSAX C LIEHTPAMH B Hadajie KOOPJHU-
HaT U paJuycaMH COOTBETCTBEHHO R, W R, (Hauajo KOOpJUHAT HE JICKHUT HA KOH-

BpunciauTh KpUBOJIMHEWHBIN WHTErPAIL , Tne Touku P, u P,

Type UHTETPUPOBAHUS). VkazaHue. YOEIUTHCS B TOM, YTO TOABIHTETPAIBHOE BBHIPAKEHHE
SBJISIETCS MOMHBIM AU depeHranom u HaiiTu NepBOOOPa3HYIO.

[Mpumensist popmyiy ['prHa BBIUMCIIUTE HHTETPAIT Ixyzdy—xz ydx, tne C —
C

OKPYXXHOCTh x* +y* =a’.

IIpuMepsI coxepKaTEILHOTO ONUCAHUSA PELIeHUS TUNOBBIX 3a/1a4



+o0
1. Berunciaute nHTErpan I
2

Pewenue. Paznaras nogpIHTETpaJIbHYI0 (PYHKIIMIO HA CYMMY JBYX JIpOOeEH,

xXP4+x=2"

.. 1
UCIIONB3YSl METOJ HEOMpeAeNEHHBIX KO3()PUIMEHTOB, MOIYYHM: a5 T
X +x-—

1 A, B _ (A4+B)x+24-B
(x—l)(x+2) x—-1 x+2 (x—l)(x+2)
{A+B=0, 1 1 1 1 1

U U3 CHUCTEMBl YPABHECHHMU

HaiaéM, 4T0 A=—, B=—-—, T. . — = - . Ho
24-B=1 3 3 x*+x-2  3(x-1) 3(x+2)
3amucaTh UCKOMBIM MHTErpall B BUAC Pa3HOCTH JABYX HECOOCTBEHHBIX MHTETPAJIOB
T odx 17 dx 1°¢ dx . .
I ——— = = | —= — = | —— Heuw34, T. K. KaX/Jblii U3 UHTErPAJIOB B IPABOM
Sy X +x—2 35 x-1 35 x+2

YacTU MOCJIEAHEr0 paBeHCTBA pacxoasmuics. [loaTtoMmy Bocmonb3yeMcs onpene-
JIEHHEM HECOOCTBEHHOI'O MHTErpajia, il Yero pacCMOTPUM OMNPENCIIEHHBIMN UHTE-

A A A A
dx 17 dx 17 dx 1 4 1. x-1
rpain .[2— = _|— — —|— = —[ln(x—l) — ln(x+2)]‘2 = —In =
X +x-2  39x-1 39x+2 3 3 x+2,
- 4(A4-1
l lnA 1—ln1 =llnu.
3 A+2 4 3 A+2
+o0 A +x0
[To onpenenenunio IZL = lim ZL, TO €CTh j ~ =
S X +x—2 A>tod X'+ x—2 Sy X +x—2
1
4{1-—
4(4-1 1 ( ) 1 2
lim llnu = — lim ln—A = —1n4 = =In2
At 3 A+2 3 A-+o 1 2 3 3
]

2
2. HaiiTu unterpan v.p. _[ :
1 xInx

2
Pewenue. B naHHOM ciydae Npenenbl WHTETPUPOBAHUS KOHEYHBI, HO
NOJAbIHTErpajibHasl (PyHKIMS HEOTPAaHUYEHHA B pACCMAaTPUBAEMOM MTPOMEKYTKE.
[lox riaaBHBIM 3HAYCHHEM HECOOCTBEHHOTO MHTErpaia Ha oTpeske [a,b] ot

b
byrkuun  f(x) B cmeicne Komm (v.p.) moHHMaeTcs d€mcIio v.p._[ f(x)dx =

c—& b

lim { _[ f(x)dx + _[ f (x)dx}, e ¢ NPUHALICKUT MHTEepBany (a,b) W sABISETCS

£+
a c+e

0Cc000i TOYKOH, T. €. MoJAbIHTErpaidbHasi (QYHKUMS B €€ OKPECTHOCTHU HEOTpaHu-

YEHHA.



Hrak v.p. = lim
p -! xInx £>+0

&>+0

¢ dx Tdhllnxx N j‘dlnx}

= 1im(ln|lnx|E_£ + ln|lnx||f+€)

2

~

= E]i_)lﬂ)[ln‘ln(l—e)‘ — Inln2 + Inln2 - lnln(1+£):| = eli—g}lln—ln(1+£) =
—1+0(£)

1+0(¢)

= Inl=0. HpH HaXO0XIACHUU IIpEaCIa OBI-
2
£—+0 &+ 0(8 ) &£—>+0

JIO YYTEHO, 4YTO ln(l + a) = a+ O(az) JUTST JOCTATOYHO MaJIbIX 3HAUYEHUH o .

1+a

3. Haiitwt lim [ —S—— .
a0 o 1+x" +a

Pewenue. BO3MOXHOCTh NPEAECIBHOTO IEPEX0Ja IOJ 3HAKOM HHTErpala
b
I f(x,@)dx , 3AaBUCSAILETO OT NTapaMeTpa a , JAETCSI TEOPEMOM.

Ecnu yHKus f(x,) IpH MOCTOSIHHOM 3HAYEHUH @ MHTErpUpYEMa IO x

B NMPOMEXYTKE [a,b] U IpH @ —> @, CTPEMHUTCS K HPEeICIbHON QYHKIMH @(x) =
lim f(x,a) PABHOMEPHO OTHOCHUTEJIBHO X, TO HMMEET MECTO pPaBEHCTBO
a—a,

lim j f(x,@)dx = iq;(x)dx.

[loabiHTerpanibHas QyHKUMS f(x,o) = > HMMECT KOHCYHYIO Mpe-

1+x +a

1 .
JEIbHYI0 QYHKIHIO @(x) = lin(1] f(x,a) = e U CTPEMUTCS K HEU PaBHOMEPHO.
a—> 'Y

JInst ToKa3aTeNbCTBA MOCIEAHEr0 YTBEPIKACHHS MOKaXKEM, 4TO IS JIF0OOTo
CKOJIb YTOZHO MaJior0 MPOM3BOJLHOIO YHCIa &> (0 HaWISTCS HE 3aBHUCSIIEE OT X
yucno &>0, Takoe, 4YTO TPH |a|<S OydeT BbHINOIHATHCS HEPABEHCTBO

| (x,2) - 9(x)

Ilo ompenenenuto 310 U OyneT 03HA4aThb PaBHOMEPHOE OTHOCUTENIBHO X
cTpemiieHne QYHKIUHU f(x,a) K IpeaebHON QYHKINHA @(x).

< & OJIHOBPEMEHHO JIJIsl BCEX 3HAYEHUN X .

2

1 1
1+xX*+a® 1+x°

1+x'-1-x"-a
(1+x2+a2)(1+x2)

Urak, |f(x,a)-o(x) =

al 2

(1+x2+a2)(1+x2) = 1+a’
HO MIPUHATH &.

HeTtpyaHo 3aMeTUTh, YTO MOJBIHTETpadbHAS QYHKIHS f(x,) TPUA TOCTO-
SSHHOM 3HAQYCHWH ¢ HWHTETpUpyeMa 1o mepeMeHHou x. [ToaToMy MOKHO BOCIIOJb-
30BaThCsl  TEOPEMOM O MPEACIbHOM IIEPEXOJ¢ IOJ 3HAKOM HHTErpaia, T. €.

dx
1+x*

< a* < |a| < &. CnenoBaTenbHO, 32 YHCIO § MOX-

1+a

lim Lz = j¢(x)dx = j
0 0

1
= arctg x|, —
a0 < 1+x’ +a |0

Z .



2 sin x

4. I3MeHUTh NOPSI0K NHTETPUPOBAHUS B UHTETpaJIe I dx I f (x, y) dy.
0 0

Pewenue. 3anmiiem I/ICXO,I[HBIﬁ HHTCI'paJl B BUAC CYMMI)I ABYX HHTCTPAJIOB

sinx

¥ BO BTOPOM U3 HUX W3MCHUM HAIPABICHUE HHTETPUPOBAHHMS _[ dx _[ f(xy)dy =

0
sinx

Idx_[ (x,y)dy + Idxjf(x,y)dy = Idx_[ (x, )dy — Idxjf(x, )dy

sinx

Ka)KJIOM U3 UHTErPaIoB B [IPABOM YaCTU U3MEHUM IIOPANOK UHTEIPUPOBAHUS, YUH-
. k .
THIBas, 4TO Arcsiny =(—1) arcsiny+ k. IIpn n3menennn y ot 0 10 1 nepemeHHas

X U3MEHSIETCA OT arcsiny JI0 7z —arcsiny, @ IpU U3MeHeHUn y oT —1 a0 0 mepe-
MCHHAasl x HU3MCHSICTCS OT ﬂ—arcsiny o 27z+arcsiny OKOHYATENIBHO MOTYYUM

sinx m—arcsin y 2z +arcesiny

jdxjf(x, )dy—jdy [ flxp)dx - jdy [ flxp)ax.

arcsin y m—arcsin y

S. IIpousBens COOTBETCTBYIOLIYH) 3aMEHY IIE€PEMEHHBIX,
CBECTH J[BOMHON MHTETPaI I _[ f(x+y)dxdy X omHOKpAT-
lyist

HOMY.

Pewenue. Hetpynno nzo0pa3uth 00J1acTh HHTETPU-
poBanusi. OHa CHUMMETPUYHA OTHOCUTEIBHO OCEW U Hadalia
KoopJuHatT. B mepBoM KBajpaHTe Mpu x>0 U y>0 — 3TO paBHOOEAPEHHBIN Mpsi-
MOYTOJIBHBIN TPEYTONBHUK, I1e 0<x<1 U y<—x+1.

Nrak, 005acThi0 MHTETPUPOBAHUS SIBJISIETCSA KBaJIparT.

. o u+v
BBeném HOBBIE TTIEpEMEHHBIE = x+y, v=x—y. JIETKO HAUTH, YTO X = ,
2

_ u-—-vy
Y=
[Ipu Takoil 3aMeHE MEPEMEHHBIX MpsiMasi y=-—x+1, CoAepKamas OTPE30K
AB, 0TOOpa3uTCs B MpsAMYI0 u=1, T. K. IPH MOACTAHOBKE X = u;v , V= u;v B

ypaBHEHUE MaHHON mpsAMoil monayuuM wu=1. COBEpIICHHO aHAJIOTHMYHO MpsMas
y=x+1, cojaepxaias oTpe3ok BC, oToOpasuTcs B MNpAMYyH0 v=-—1; mpsMas
y=—x—1, colaepxaias OTpe3ok CD, oTOoOpa3uTcsi B NpsAMyI0 u=-1; mpsMas
y=x-1, coaepxarias oTpe30k DA, 0TOOpa3uTcs B MpsMyIo v=1.

u+v
2
vy

Tak Kak Ha oTpe3ke ocu Ox IpU y=0 U —-1<x<1: -1< <14 u=v,T0

—1<u<1, a Ha oTpe3Ke och Oy 1pu x=0 U —-1< y<1: 1< <1 w u=-v, TO

—1<—v<1nmm -1<v<1.
Takum oOpazom, KBaapaT, 3aJaHHBINA B TUIOCKOCTU Oxy , IPU yKa3aHHOW 3a-
MEHE TMEepPEMEHHBIX MpeoOpazyeTcs B KBaJapaT [—1,1;—1,1] CO CTOpOHaMH, Itapal-



JICTBHBIMHA OCSIM KOOPJHWHAT B IUIOCKOCTH Ouv . SIkoOmaH MaHHOTO mpeoOpas3oBa-

ac o |11
1 1
wut  J(u,v) = ow ov _ 12 2| _ _1 4 |J| = —. CuenoBareisHo,
& ow o1 2
ou Ov 2 2

6. [lepexos K MONSAPHBIM KOOpJAWHATAM, HAaTH 00BEM TeJa, OTPAHUYEHHOTO CJIe-
(2.2
AYIOIMMU TIOBEPXHOCTAMU: 7 =e (s ), z=0, x> +y* =R’.
Pewenue. O0beM V Tena, OrpaHUYEHHOIO IMOBEPXHOCTHIO £, paBEH

{2

md’“’ydz_ﬂdxdy I = ([ e axay.

X +y25R2
[lepeiineM K NOJIIPHBIM KOOPAMHATAM X =rcos@, y=rsing U C y4ETOM TO-
2z R
2
ro, 4ro sIKOOWaH MpeoOpa3oBaHUsI PaBEH r, MOJIy4yuM V = _[ dgo_[ e rdr =

0 0
R

R
_2 2
ﬂje’drz = —;e™"

0

= n(l—e"‘z). ScHo, uTO x*+y* = R’ W eCTh UWIHHJP, MPO-
0

(2.2
CKTHPYIOIIUN YacTh MOBEPXHOCTH 7 = e (e ), BBIPE3aEMYI0 UM, Ha IJIOCKOCTh
Oxy , IO3TOMY 00JIaCTh & — 3TO KPYT, YpaBHEHHE KOTOPOro x’+ y* < R*, 4TO U
OBLIO YYTEHO MPU OIPEICIICHUU U PACCTAaHOBKE MPEICIOB HHTETPUPOBAHHUS.

7. BBIUMCIATE KPUBOJIMHEWHBINM HHTETPAJ TIEPBOTO poJia j (x2 + yz)dl , rae | — Kpu-
1

Bagd x =a(cost+tsint), y=a(sint —tcost) (0 <t< 27[) ;
Pewenue. Tax kak kpusas (I) 3amaHa napamerpudeck: x=x(t),y=y(z)
(t,<t<T), To M1 BBIYUCIICHHS KPUBOJIMHEHHOrO MHTErpala IepBOro poia Hamo

3aMCHUTH B HOI[BIHTCFpEU'IBHOfI (PYHKHI/II/I INEPEMCHHBIC X M y HUX BBIPAKCHHUIAMU

yepe3 mapamerp, a dl — auddepeHIMaToOM ayrH \/[x’(t):|2+[y’(t):|z dt, T. e.

_[f(x,y)dl = If(x(t),y(t))\/[x'(t)]z+[y'(t)]z dt .
Urak, x'(t) = atcost, y'(t) = atsint, x"+y? = at, X’+y* = a2(1+t2).

CrieoBaTebHO, _[ X+ yt)dl = I t(1+¢)dt = a32f(t+t3)dt = a3(4”2+16”4] _
0 0

2 4
2a’n? (1+27r )

8. IlpumenuB ¢opmyny ['puHa, BBIUUCIUTH KPUBOJMHEHHBIA HMHTETpas
Ixyzdy— x*ydx, e | — OKpy)KHOCTb x* + y* =a’.



Pewenue. ynxuuu xy* U x’y HEMPEPHIBHBI BMECTE CO CBOMMH YaCTHBIMHU

MPOU3BOJAHBIMU B 00JIACTH, OTPAHUYEHHON 3aMKHYTBHIM KOHTYpPOM [, U Ha €e rpa-
HUIIE, IOATOMY NpuMeHuMa Gopmyina ['puHa, cBs3bIBaIONIAs JBOWHON U KPUBOJIU-

HEWHBIA MHTErPAJIbI _[ Pdx+Qdy = H(———] dxdy . CormiacHo el uMeem _[ xy’dy
l 1

- x'ydx = H{ai(xyz) + 2(x y)}dxdy = H (x +y )dxdy I[lepeiigem K mo-
N X ay xX2+y*<a®

JSIPHBIM KOOPAMHATaM (X =rcos@, y=rsing) H, yIUTHIBAs, YTO SIKOOHAH IPeod-

pa3oBaHus paBeH r, IOJIYUUM I I (x +y )dxdy = I dqu dr = ”Ta“.

x+ySa

9. OnpenenuThs IJOMIAb YaCTH BUHTOBOW MOBEPXHOCTH x=Ecosny, y=~Esing,
z=cn, BBIPE3aHHOW W3 He€ NUIUHAPOM x’ +y’=a’ W IUIOCKOCTAIMH z=0 U
1=27c (c > 0) .

Pewenue. 13 ycrnoBus 3amauym HETPYAHO 3aMETHTh, 4TO 0<7<27x, a
0<&<a. layccoBbl KOAp(ULIHUEHTH JIETKO BBIYUCISAIOTCS W paBHbL: E =1,

G=F+¢*, F=0. CnenoBatensHo, dS = VEG-F*dédn = |&*+c*dEdn u mo-
Tdni\/«fz +cldE = Zni\/§2+c2d§.
Bbrurcnum  MHTETpat j:,/gz +crdE j: & ;ic J' g‘i‘fc +
czj-\/gd% Ié’d E+e? o+ czln(§+«/§2+c2) .§\/§Z+c2a—‘[w/§2+c2d§ +
0 c 0 0 0

¢ ln(§+\/§2 +c2) . IToce oueBMAHBIX MPEOOpa30BaHMIA TIOTYYHIIN, YTO B TIPABOi

YaCTH PaBEHCTBA UMEETCS TAKOW JK€ MHTErpall, 4To U B JIeBOM. [lepeHocs ero B ne-

131 YKa3aHHOW YaCTH OBEPXHOCTH S

0

BYIO YacTh W JI€Js MOJYYCHHOE PAaBEHCTBO Ha JBa, HAWAEM YTO I JE +CTdE =
0
1 “ 1
E[f«/§2+c2+czln(§+\/§2+cz):| = E[a\/a2+cz + czln(a+\/a2+c2)—czlnc] =
0
1 ' 2 2
_(a,\'az_l_cz + czlnu ).

2 c

a+a*+c?

CnenoBaTenbHo, S = ﬂ(a\/a2+c2 + c’In
C

10. ©yukumo f(x)=e™ pasnoxurs B psix Oypbe B uHTEpBaNC (~7,7) .
Pewenue. Oynxuns f(x) yooBIeTBOpsAeT ycnoBusaM JupHxie , cleqoBa-
TEJIbHO, MOXET OBITh IpeicTaBIeHa psioM Dyphe.



Psn ®ypse umeer BUI f(x) = az—" + .(a, coskx+b, sinkx), TIE a, =

L
k=1

17 _ 17 ,
;_j”f(x)coskxdx, k=012,..., b, = ;_J;f(x)smkxdx, k=12,....

1 4 1 z e —e ™"
Haiiném xoapdunuentsr Oypoe: a, = — I e“dx = —e*”| = ——— =
VA ar |, ar
2 a, sharwx
—shar, 5 " . Jas k=1 3HaueHus KO3(PPUIUEHTOB BBIYUCISIIOTCS IO
ar ar

n

dopmyne a, = lje“" cos kxdx .
”—7:

A A
o 1
Haitnem, uemy paBeH uHTErpain j e“ coskxdx = — I coskxde™ =
- a -
1 " = A ) k T ) (ean'_e—an)(_l)k
—(e cos kx + k_[e“" sinkxdx) = —zjsmkxde‘”‘ + =
a -z a a
- -
k . z k2 V2 - (eaﬂ _e—aﬂ')(_l)k .
— e smkx‘ - — I e“ coskxdx + . B mpaBoit yactu paBeHCTBa
-
a a” ? a
a+k* ¢
MOJTYYMJIM TOT K€ MHTETPa, 4TO U B JIEBOH, CIEAOBATEIBHO, > _[e“" coskxdx =
7T
x 2shar « 2ashar
(-1) =—— u a, =(-1)" ——--. 3ameTnM, 4TO B JaHHOM ClIy4ae U3 IOCICI-
a w(a” +k°)

Hel popMyJIbl MOKHO HAUTH KOO (PULUEHT a, .

T T
. . |
CoBepIICHHO aHAJOTMYHO HaWAEeM, 4YTO _[ e“sinkxdx = — _[ sinkxde™ =
- a—l!
1 ax _ s z T ax k T ax k ax z
—(e“sinkx|” — kje cosk xdx) = ——zjcoskxde = ——(e™ coskx| +
a e a a 2
-z -

k(eaﬂ _e—tm)(_l)k kz b2
" —a—z Ie‘“ sinkxdx, OTKyJla C y4€TOM TOT'0, 4YTO B

kje“xsinkxdx)=—
MPAaBOM 4YaCTU TMOJYYWIM TOT K€ HHTErpal, 4YTO W B JIEBOW, CJIEAYET, YTO
2 2 @ V3
a +k ¥ 2k shar 1 -1 2k shar
———— | e“sinkxdx=—(-1) —— " b= — | e“sinkxdx = (-1 —_.
2 __[r ( ) a’ k T _[ ( ) ”(az +k2)

-

a

Takum 006pazom, MpUAEM K pa3aoKEHUIO
o — 2sha7r( 1 31 acoskx—k51nka (~r<x<x).

z (24 & a’+k’
3ameTnm, uTo Kod(hdummeHTs @yphre MOKHO HAWNTH 3HAYUTETHHO MPOIIE,
€CIIU HCIIOJIb30BaTh (hopMyiy Diiyiepa e’ = cosa+isina M KOMIUICKCHYIO (YHK-
IIUI0 JICHCTBUTEJIBHOIO apryMeHTa F(x)=e“(coskx+isinkx)=e“"* Torma

K2 A V4 T
e“ coskxdx = Re_[e(“”k)xdx, a Ie“x sinfocdx = Imj-e(aﬂk)xdx‘
bl i

- -



pu z ) e(a+ik)x % e(a+ik)7r _e—(a+ik)7r
BrrancnuM uHTErpa I F(x)dx= Ie“‘“’"" dx = : = ; =
a+ik| a+ik

(e“” - ) coskrw

- -

e —e e ™ (cos krz+isin kﬂ') —e (cos kx—isin kﬂ')

a+ik a+ik a+ik

v 2shar k 2
-1 = (-1 ashar—ikshar). Pa3znensss neNCTBUTEIBLHYIO U MHHU-
( ) a+ ik ( ) aZ + k2 ( ) 'H Il y

MYIO YacTH, MOJIYyYUM TpeOyeMblil pe3ybTar.

Bo3MokHBIE TeMBbI KypPCOBBIX padoT

Uccnenosarh Ha 3KkcTpeMyM (YHKIIMIO JBYX HE3aBHUCUMBIX NMEPEMEHHBIX U
U300pa3UTh COOTBETCTBYIOIIYIO MOBEPXHOCTh, MCIONB3YsI KaKOW-1100 Tpadude-
CKHUU IMAKET MPUKJIIAJIHBIX MPOTPaAMM.

1. z=x’—xy+y'-2x+y.
2 z=x"y*(6-x-y).

3 7z=x"+y°—3xy.

4, z=x"+yt—x?—2xy—y*.
5 z=2x"+y'—=x" =2y,

6. z=xy+@+ﬂ (x>0,y>0).
X )y
7. z= axtbytc (a2+b2+c2¢0).

\/xz + y2 +1
8. z=1—x’+)*.
9. z=e2x+3y(8x2—6xy+3y2).
10. z=sinx+cosy+cos(x—y) (OS x<rm0<y< 7z).
HaifTu Touku ycimoBHOro skcTpemMyMma (YHKIIMM W HU300pa3uTh COOTBET-

CTBYIOIIYIO MMOBEPXHOCTh, UCHOJIB3Ys KaKOU-IMOO rpaduuecKuil MmakeT MpUKIIaI-
HBIX [IPOrPAMM.

1. z=xpy,ecnmu x+y=1.
2. z=£+1,ecnn x*+y'=1.
a b
3. z=x2+y2,ecm/1£+1=1.
a b

7= Ax* +2Bxy+ Cy*, ecmu x> +y’ =1.
3. z=x"+12xy+2y’, eciu 4x* + y* =25.
/4

6. z=cos’x+cos’y,ecnn x=y=.



Haiitu skcTtpeMasnbHble 3HAUEHHS 3aJJaHHOW HESIBHO (YHKIUMU Z OT Iepe-
MEHHBIX X, y U U300pa3uTh COOTBETCTBYIOIIYIO MTOBEPXHOCTh, UCIIOIB3YS KaKOM-

1100 rpaduUecKuil MakeT MPUKIAIHBIX IPOTPaMM.
l. X+y +77-2x+2y—-47-10=0.
2. X+ Y+ —xz—yr+2x+2y+2z-2=0.

3. (x2+y2+z2)2=a2(x2+y2—z2).
IIpumep conepxkaresibHOro onucanus (kparkoro) PI'P.

UccnenoBats Ha KcTpeMyM (QyHKIUIO z = sinxsinysin(x+y) (0<x<rz,
0< y<r) ¥ ©306pa3UTh COOTBETCTBYIOLIYIO TOBEPXHOCTD, HCIIONB3Ys KaKOH-IHGO0
rpauUeCcKuii IMakeT MPUKIAJHBIX TIPOTPAMM.

Pewenue. ]l oTBeTa Ha MOCTABJICHHBIA BONPOC HAWJIEM OT 3aJaHHOU
(yHKIME YacTHBIE HPOM3BOJHBIC IIEPBOTO MOPSAKA z, = cosxsinysin(x+y) +

sinxsinycos(x+y) = siny[sin(x+y)cosx+cos(x+y)sinx:| = sinysin(2x+y), g, =
sin xcos ysin(x+y) + sinxsinycos(x+y) = sinx[sin(x+y)cosy + cos(x+y)sinx]
= sinxsin(x+2y). [lpupaBHUBas WX K HYJIO, NMPHAEM K CHCTEME YpaBHCHHIl

sin ysin(2x+ y) =0,
JUIA OTBICKAQHHUS KOOPAUHAT CTAallHOHAPHBIX TOYEK.
sinxsin(x+ 2y) =0

3amMeTuM, 4TO ONpeAeICHUE IKCTpeMyMa MpernoiaraetT To, 4To TOUKa, B KO-
TOPOM OH MOXKET JOCTUTaThCsl, JOJDKHA OBITh «BHYT-
peHHel» (peub HE MIET O HAaMMEHbIIEM U HanOOoJb-
neM 3HaueHuu (QyHKUMU B 3agaHHOU oOnacth). Ilo-
sToMy rpaHnussie Touku (0,0), (0,7), (7,0), (=,xz),
SABJISIFOIIMECS] PEIICHUSIMA JIaHHOW CHCTEMBbI ypaBHe-
HUM, W3 paccMOTpeHHs HCKiIroyaeMm. W3 mnepsoro
sin(2x+ y) =0,
sin(x+2y)=0

=k M y = rk-2x. [loncraBnss ykazaHHOE BBIPAKEHHE BO BTOPOE YpaBHEHUE,

YPABHEHHUSI CUCTEMBI HalaAEeEM 2x+y

. wn
MOoJIy4YuM sin3x =0, OTKy1a x = 3 MPUYEM n C YICTOM YCJIOBHUA 0< x <7 MOXKET

/4 2z
PaBHATHCS TOJIBKO €AuHuLEe uian AByM. [loaTomy x = 3 Wi x= ? OTUM JBYyM

3HAYEHUSIM IIEPEMEHHOM X € Y4E€TOM TOro, YTO 0< y < 7 , COOTBETCTBYIOT JIBA 3HA-

o V4 2z
YEHUS IEPEMEHHOUN y: y = E Hy= ?



Taxum 006pa3oM, BHYTpU paccMaTprUBaeMOil 00JIaCTH UMEIOTCS IBE CTalHO-

T
HapHBIC TOYKH, KOOPAHWHATBI KOTOPBIX PABHBI: X, = E, Yo=—T

HaﬁﬂCM YaCTHBIC IIPOU3BOJIHBIC BTOPOTO IIOPAAKA: Z;'z

2sinx cos(2x+y), Ty, =

CTAallMOHAPHBIX TOYKAX.

[/ —

V4 V4 _
IIpu x,=—, y, =7 UMEeM a, = zj,

3
3

3
_Ta anazz_alzz = 3_2 =

33
L3

MAaKCHUMYM, 4 UMCHHO 7 =

_ 2z 2z _
[Ipn Xy = 37> Yo = 7 HOIYUHM @, =z, =
A , .39
- 79 a4y, —a, — 3_2 - Z

. 3VJ3
HUMECT MUHUMYM, PaBHbIM — 5

__3’a22:

T 2r 2r
3 RIS

— = 14

——2sinyc0s(2x+y), 2, =

sin2(x+ ). BoluuciinM 3Ha9CHHS! BTOPBIX IPOU3BOIHBIX B

9 o
rig 0 uT. K. a,, <0, TO B 3TO TOUKe (PYHKIMS UMEET

[/ A—

V3, a, =2 =

>0, a,, >0, cienoBareabHO, B 3TON TOUKE (PYHKIUS Z

VII. MarepuajIbHO-TEXHUYECKOe o0ecneyeHue

JI71st ayauTopHO# paboTHhI.

VYuebnas aymutopus Ne 304
(170002, Tepckast 061, T.TBeps, CanoBblit
MepeysoK, 11.35)

Habop y4ueOHoit mebenn,

9KpaH,

KOMIUIEKT ayJAHOTEXHUKH (PagroCUCTEMA,
CTallMOHAPHBIA MUKPO(OH C HACTOJIBHBIM
JiepKaTesieM, YCUINTEb, MUKIIIED, aKy-
CTHYECKas CUCTEMA),

IIPOEKTOP,
HOYTOVK.

VYuebnas ayauropus Ne 20 Habop yueOno# mebenu,
(170002, Tepckas o6i., r.TBeps, CamoBbiii | 2KPaH,
HepeyioK, 1.35) TpOCKTOP-
VueOnas ayauropust Ne 308 (170002, Tsep- | Habop yuebHoit mebenn,
ckag o0mn., r.TBepp, CanmoBbiii nepeynok, | 2¥Pat,
1.35) HPOEKTOP.
Vuebnas ayauropus Ne 206 (170002, Tsep- | Habop yueGuoit meGenn,
ckag o0i., 1.TBepp, CamoBbiii mepeynok, | 2¥Pat,
1.35) IPOEKTOP.
VYyeOnas aynutopust Ne 7 HaGop y4ebHol Mebenu

(170002, Tepckas o061, T.TBeps, CamoBblii
NepeyIiok, 11.35)




Yuebnas ayautopust Ne 310 (170002, Tsep-
ckas 00is., 1.TBepp, CamoBbIi MEPEyIIOK,

Habop yueOHnoii mebemnu

1.35)

Jl1st camocTosTeNbHOM pabOTHI.

[Tomemienue st CaMOCTOSITENIEHOM paboThl 00YyJaIOIIUXCSI: Kommbrotep,

Kommbrotepusiit kiace Ne3 daxynbrera [IMuK SKpat,

No 4B MapKEpHas JOCKa,
- . IPOCKTOP,

170002, Teepckas o6a., 2.Teepv, Cadoswiii nepeynok, 0.35 KOHJILIHOHED.

VIII. Cenenusi 06 00HOBJIeHMM padoyeil NPOrpaMMbl AUCHMIIIAHBI

Ner.i. | OOHOBIIEHHBIN pa3jaen pa- Onucanve BHECEHHBIX PexBU3HUTHI TOKYMEHTA,
0oueil mporpamMmbl AUCLIU- U3MEHEHUN YTBEPAUBIIEr0 U3MEHEHUS
TIJIMHBI

1 11. 2) [Iporpammuoe Bnecensl m3me- | Ot 24.08.2023  ropna,

oOecrieueHue HeHus B ciiucok 110 npotokosn Ne 1 yueHoro
coBeTa (pakynbTeTa

2 V.1)Pekomenayemas OG6HoBNEHUE Or 24.08.2023 rona,

JUTepaTypa CCBUIOK Ha juTepary- | mpotokos Ne 1 ydeHoro

Py

coBeTa (pakynbTeTa




